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��� &KDSWHU�� $QDO\VLV�RI�$OJRULWKPV

IDFWRULDO�Q�
LI Q � � WKHQ

UHWXUQ �
HOVH

UHWXUQ Q  IDFWRULDO�Q � ��

7KH�SURRI�WKDW�LW�LV�FRUUHFW�FRQVLVWV�RI�WKH�REVHUYDWLRQ�WKDW�WKH�SURJUDP�PDWFKHV�WKH
PDWKHPDWLFDO�GHÀQLWLRQ�

n! =

{
1 LI n = 0,

n · (n−1)! LI n > 0.

3URRI � %DVH�FDVH� 7KH�EDVH�FDVH�LV n = 0� %\�FRGH�LQVSHFWLRQ� WKH�IXQFWLRQ�UHWXUQV
�� %\�WKH�PDWKHPDWLFDO�GHÀQLWLRQ� 0! = 1�
,QGXFWLYH�FDVH� 7KH�LQGXFWLYH�FDVH�LV n > 0� %\�FRGH�LQVSHFWLRQ� WKH�IXQFWLRQ�UHWXUQV
n · (n−1)!� %\�WKH�PDWKHPDWLFDO�GHÀQLWLRQ� n! = n · (n−1)!�

)RU�D�SUREOHP�WKDW�GRHV�QRW�KDYH�D�QDWXUDO�UHFXUVLYH�GHÀQLWLRQ� WKH�SURRI�UHTXLUHV�WKH
IRUPXODWLRQ�RI�DQ�LQGXFWLYH�K\SRWKHVLV�LQ�WKH�LQGXFWLYH�FDVH� )RU�H[DPSOH� FRQVLGHU�WKH
IROORZLQJ�DOJRULWKP�WR�FRPSXWH�WKH�VXP�RI�WKH�YDOXHV�LQ�WKH�DUUD\�VHJPHQW a[0..n− 1]
ZKHUH n ≥ 0 LV�WKH�QXPEHU�RI�HOHPHQWV�LQ�WKH�DUUD\�

VXP�D� Q�
LI Q   � WKHQ

UHWXUQ �
HOVH

UHWXUQ VXP�D� Q � �� � D>Q � �@

7KH�SRVWFRQGLWLRQ�LV

)XQFWLRQ sum(a,n) UHWXUQV (Σ i 0 ≤ i < n : a[i]) .

+HUH�LV�WKH�SURRI�E\�PDWKHPDWLFDO�LQGXFWLRQ�WKDW�IXQFWLRQ VXP�� LV�FRUUHFW�
3URRI � %DVH�FDVH� 7KH�EDVH�FDVH�LV n = 0� ZKLFK�UHSUHVHQWV�WKH�HPSW\�DUUD\� %\

FRGH�LQVSHFWLRQ� WKH�IXQFWLRQ�UHWXUQV��� %\�WKH�PDWKHPDWLFDO�GHÀQLWLRQ�RI�VXPPDWLRQ�
WKH�VXP�RI�WKH�HOHPHQWV�LQ�WKH�HPSW\�DUUD\�LV���DV�IROORZV� 6WDUWLQJ�ZLWK�WKH�H[SUHVVLRQ
UHWXUQHG�DV�VSHFLÀHG�LQ�WKH�SRVWFRQGLWLRQ�

(Σ i 0 ≤ i < n : a[i])
= ⟨%DVH�FDVH� n = 0⟩

(Σ i 0 ≤ i < 0 : a[i])
= ⟨0DWK� 0 ≤ i < 0 ≡ f alse⟩

(Σ i f alse : a[i])
= ⟨(PSW\�UDQJH�UXOH� ��LV�WKH�LGHQWLW\�IRU�DGGLWLRQ⟩

0

,QGXFWLYH�FDVH� 3URYH�WKDW

)XQFWLRQ sum(a,n) UHWXUQV (Σ i 0 ≤ i < n : a[i])

&RS\ULJKW F⃝� ����� 'XQJ�;��1JX\HQ�DQG�-��6WDQOH\�:DUIRUG 5HYLVHG� $XJXVW���� ����
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(n� 1)2 = n2 � 2n+ 1

n2 = (n� 1)2 + 2n� 1

n2 (n� 1)2



CoSc 450: Programming Paradigms

Squaring a number recursively without multiplication.

02

Compute            given

(n� 1)2 = n2 � 2n+ 1

n2 = (n� 1)2 + 2n� 1

n2 (n� 1)2



CoSc 450: Programming Paradigms

Squaring a number recursively without multiplication.

02

Compute            given

(n� 1)2 = n2 � 2n+ 1

n2 = (n� 1)2 + 2n� 1

n2 (n� 1)2



CoSc 450: Programming Paradigms

Squaring a number recursively without multiplication.
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Compute            given

(n� 1)2 = n2 � 2n+ 1

n2 = (n� 1)2 + 2n� 1

n2 (n� 1)2

Program this in Scheme
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(define square
  (lambda (n)
    (if (= n 0)
        0
        (+ (square (- n 1))
           (- (+ n n) 1)))))
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Prove square is correct.
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(define square
  (lambda (n)
    (if (= n 0)
        0
        (+ (square (- n 1))
           (- (+ n n) 1)))))

The correctness proof of a recursive function
is by mathematical induction.
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•Base case corresponds to base case in code.

•Inductive case corresponds to recursive call in 
code.

•Use code inspection to convert from Scheme to 
traditional infix notation in both cases.
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(define square
  (lambda (n)
    (if (= n 0)
        0
        (+ (square (- n 1))
           (- (+ n n) 1)))))

Base case
Code inspection: (square 0) returns 0.

Math: 

Therefore, correct in base case.

02 = 0
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(define square
  (lambda (n)
    (if (= n 0)
        0
        (+ (square (- n 1))
           (- (+ n n) 1)))))

Inductive case
Prove that
(square n) terminates with value
assuming that
(square (- n 1)) terminates with value
as the inductive hypothesis.

n2

(n� 1)2
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(define square
  (lambda (n)
    (if (= n 0)
        0
        (+ (square (- n 1))
           (- (+ n n) 1)))))Inductive case �

9DOXH�UHWXUQHG�E\ �VTXDUH Q�
= ⟨&RGH�LQVSHFWLRQ⟩

�VTXDUH �� Q ��� +(n+n)−1
= ⟨,QGXFWLYH�K\SRWKHVLV⟩

(n−1)2 +(n+n)−1
= ⟨0DWK⟩

n2 −2n+1+2n−1
= ⟨0DWK⟩

n2
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The cond function

(cond ((condition1) expr1)
      ((condition2) expr2)
      ((condition3) expr3)
      (else expr4))
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The sum-of-first function
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> (sum-of-first 4)
10
> (sum-of-first 5)
15
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The sum-of-first function

> (sum-of-first 4)
10
> (sum-of-first 5)
15

(sum-of-first n) returns 1 + 2 + · · ·+ n
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> (num-digits 59274)
5
> (num-digits 81)
2
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The num-digits function

> (num-digits 59274)
5
> (num-digits 81)
2

(num-digits n) returns
the number of digits in n


