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Induction case
Prove (Σi 1 ≤ i ≤ n+1 : 2 · i−1) = (n+1)2

assuming (Σi 1 ≤ i ≤ n : 2 · i−1) = n2

as the inductive hypothesis.
(Σi 1 ≤ i ≤ n+1 : 2 · i−1)

= 〈Split off last term〉
(Σi 1 ≤ i ≤ n : 2 · i−1)+2(n+1)−1

= 〈Inductive hypothesis〉
n2 +2(n+1)−1

= 〈Math〉
n2 +2n+1

= 〈Math〉
(n+1)2 //

Operator: Conjunction
Symbol: ∧
English: p and q
Conjuncts: p, q
Truth table:

p q p∧q

T T T
T F F
F T F
F F F

Operator: Disjunction
Symbol: ∨
English: p or q
Disjuncts: p, q
Truth table:

p q p∨q

T T T
T F T
F T T
F F F
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Operator: Implication
Symbol: ⇒
English: p implies q
English: if p then q
Antecedent: p
Consequent: q
Truth table:

p q p ⇒ q

T T T
T F F
F T T
F F T

Operator: Implication
Symbol: ⇐
English: p follows from q
English: if q then p
Antecedent: q
Consequent: p
Truth table:

p q p ⇐ q

T T T
T F T
F T F
F F T
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Operator: Equivalence
Symbol: ≡
English: p equivales q
English: p equals q
Truth table:

p q p ≡ q

T T T
T F F
F T F
F F T

Operator: Inequivalence
Symbol: "≡
English: p exclusive or q
English: p different from q
Truth table:

p q p "≡ q

T T F
T F T
F T T
F F F
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Operator: Equivalence
Symbol: ≡
English: p equivales q
English: p equals q
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p q p ≡ q
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Operator: Inequivalence
Symbol: "≡
English: p exclusive or q
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Operator: Negation
Symbol: ¬
English: not p
Truth table:

p ¬p

T F
F T
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THEOREMS FROM GRIES AND SCHNEIDER’S LADM

J. STANLEY WARFORD

ABSTRACT. This is a collection of the axioms and theorems in Gries and Schneider’s book
A Logical Approach to Discrete Math (LADM), Springer-Verlag, 1993. The numbering is
consistent with that text. Additional theorems not included or numbered in LADM are
indicated by a three-part number. This document serves as a reference for homework
exercises and taking exams.

TABLE OF PRECEDENCES

(a) [x := e] (textual substitution) (highest precedence)
(b) . (function application)
(c) unary prefix operators: + � ¬ # s P
(d) ⇤⇤
(e) · / ÷ mod gcd
(f) + � [ \ ⇥ � •
(g) # "
(h) #
(i) / . ˆ
(j) = < > 2 ⇢ ✓ � ◆ | (conjunctional, see page 29)
(k) _ ^
(l) ) (
(m) ⌘

All nonassociative binary infix operators associate from left to right except ⇤⇤, /, and
), which associate from right to left.

Definition of /: The operators on lines (j), (l), and (m) may have a slash / through them
to denote negation—e.g. x /2 T is an abbreviation for ¬(x 2 T ).

SOME BASIC TYPES

Name Symbol Type (set of values)

integer Z integers: . . . ,�3,�2,�1, 0, 1, 2, 3, . . .

nat N natural numbers: 0, 1, 2, . . .

positive Z+ positive integers: 1, 2, 3, . . .

negative Z� negative integers: �1,�2,�3, . . .

rational Q rational numbers: i/j for i, j integers, j 6= 0
reals R real numbers
positive reals R+ positive real numbers
bool B booleans: true, false

Date: December 1, 2011.
1
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Leibniz:
X = Y

E[z := X ] = E[z := Y ]
b ·a = a ·b

(a · z = a2 ·b)[z := b ·a] = (a · z = a2 ·b)[z := a ·b]

Leibniz:
X = Y

E[z := X ] = E[z := Y ]

E[z := X ]

= 〈X = Y 〉
E[z := Y ]

Initial state: (x,3),(y,2),(z,6)
Assignment: y := z+1
Final state: (x,3),(y,7),(z,6)

{P} S {Q}

{x = 0} x := x+1 {x > 0} valid
{x > 5} x := x+1 {x > 0} valid
{x+1 > 0} x := x ·2 {x > 0} not valid
{x >−2} x := x+1 {x > 0} not valid

{R[x := E]} x := E {R}

{x+1 > 4} x := x+1 {x > 4}
{x ·6 > 0} y := 6 {x · y > 0}
{x ·2 = 10} x := x ·2 {x = 10}
{y = 6} x := y {x = 6}
{y = 6} x := y {y = 6}

∧ and ∨ have the same precedence.

When they are together, parentheses are necessary.

p∧q∨ r Incorrect

Must be written (p∧q)∨ r or p∧ (q∨ r)
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Equality vs Equivalence 3

= and ≡ have the same truth tables.

But, there are four differences:

(1) = is for numbers and booleans.

≡ is only for booleans.

(2) = has higher precedence than ≡
Example: Do not need parentheses for

x · y = 0 ≡ x = 0∨ y = 0
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= and ≡ have the same truth tables.

But, there are four differences:
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Example: Do not need parentheses for
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Is p∧¬q satisfied in state (p, true),(q, true)? no

Is p∧¬q satisfiable? yes

Is p∧¬q valid? no

Is p∧¬q a tautology? no
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Is p∧¬q satisfied in state (p, true),(q, true)? no

Is p∧¬q satisfiable? yes

Is p∧¬q valid? no

Is p∧¬q a tautology? no

p q p ⇒ q p∧¬q ¬(p∧¬q) p ⇒ q ≡ ¬(p∧¬q)
T T T F T T
T F F T F T
F T T F T T
F F T F T T

So, p ⇒ q ≡ ¬(p∧¬q) is valid, i.e. is a tautology.
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(2.3) Metatheorem Duality:
(a) valid(P ) � valid(¬PD)
(b) valid(P � Q) � valid(PD � QD)
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Supplementary English expressions 1

 

Formal Methods

Supplementry English expressions

 

J. Stanley Warford

 

Pepperdine University

 

English expression 1.  

 

p

 

, if 

 

q

 

Same as, If 

 

q

 

 then 

 

p

 

, 

 

English expression 2.  

 

p

 

, only if 

 

q

 

Same as, If 

 

p

 

 then 

 

q

 

, 

Be careful. This is 

 

not

 

 the same as English expression 1.

For example,

“You can be president, only if you are at least 35 years old.”

means

“If you are president, then you are at least 35 years old.”

 

English expression 3.  

 

p

 

, if and only if 

 

q

 

Same as, 

Same as, 

Abbreviated in English as 

 

p

 

 iff 

 

q

 

English expression 4.  

 

p

 

 is a sufficient condition for 

 

q

 

Same as, If 

 

p

 

 then 

 

q

 

, 

 

English expression 5.  

 

p

 

 is a necessary condition for 

 

q

 

Same as, If 

 

q

 

 then 

 

p

 

, 

Remember 4. and 5. by 

 

English expression 6.  

 

p

 

 is a necessary and sufficient condition for 

 

q

 

Same as, 

q p!

p q!

q p!! " p q!! ""

p q#

p q!

q p!

sufficient necessary!

p q#
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English expression 7.  

 

p

 

, whenever 

 

q

 

Same as, If 

 

q

 

 then 

 

p

 

, 

“Whenever” means the same thing as “if”.

 

English expression 8.  

 

p

 

, provided that 

 

q

 

Same as, If 

 

q

 

 then 

 

p

 

, 

“Provided that” means the same thing as “if”.

 

English expression 9.  

 

p

 

, unless 

 

q

 

Same as, If not 

 

q

 

 then 

 

p

 

, 

For example,

“I will buy it, unless you do.”

means

“If you do not buy it, then I will buy it.”

 

English expression 10.  

 

p

 

, unless not 

 

q

 

Same as, If 

 

q

 

 then 

 

p

 

, 

For example,

“I will take another course, unless I do not pass this one.”

means

“If I pass this course, then I’ll take another.”

 

English expression 11.  

 

p

 

 ; 

 

q

 

Same as, 

 

p

 

 and 

 

q

 

, 

 

English expression 12.  

 

p

 

 , 

 

q

 

Same as, 

 

p

 

 and 

 

q

 

, 

 

English expression 13.  

 

p

 

, but 

 

q

 

Same as, 

 

p

 

 and 

 

q

 

, 

For example, “I can do that, but so can you.”

means

“I can do that, and you can do that.”

q p!

q p!

q! p!

q p!

p q"

p q"

p q"
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