
A Logical Approach to Discrete Math

Propositional Calculus

Proposition:   A declarative statement that is either true or false.

Axiom:   A Boolean expression that defines the properties of 
boolean operators. Axioms are never proved. They are assumed to 
be valid.

Theorem:   Either (1) an axiom, or (2) a theorem that is proved 
equal to an axiom or a previously proved theorem. All theorems 
are valid.
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Theorems of the Propositional Calculus

Equivalence and true.
(3.1) Axiom, Associativity of ≡ : ((p ≡ q)≡ r) ≡ (p ≡ (q ≡ r))
(3.2) Axiom, Symmetry of ≡ : p ≡ q ≡ q ≡ p
(3.3) Axiom, Identity of ≡ : true ≡ q ≡ q
(3.4) true
(3.5) Reflexivity of ≡ : p ≡ p

Negation, inequivalence, and f alse.
(3.8) Definition of f alse : f alse ≡ ¬true
(3.9) Axiom, Distributivity of ¬ over ≡ : ¬(p ≡ q) ≡ ¬p ≡ q
(3.10) Definition of "≡ : (p "≡ q) ≡ ¬(p ≡ q)
(3.11) ¬p ≡ q ≡ p ≡ ¬q
(3.12) Double negation: ¬¬p ≡ p
(3.13) Negation of f alse: ¬ f alse ≡ true
(3.14) (p "≡ q) ≡ ¬p ≡ q
(3.15) ¬p ≡ p ≡ f alse
(3.16) Symmetry of "≡ : (p "≡ q) ≡ (q "≡ p)
(3.17) Associativity of "≡ : ((p "≡ q) "≡ r) ≡ (p "≡ (q "≡ r))
(3.18) Mutual associativity: ((p "≡ q)≡ r) ≡ (p "≡ (q ≡ r))
(3.19) Mutual interchangeability: p "≡ q ≡ r ≡ p ≡ q "≡ r
(3.19.1) p "≡ p "≡ q ≡ q

Disjunction.
(3.24) Axiom, Symmetry of ∨ : p∨q ≡ q∨ p
(3.25) Axiom, Associativity of ∨ : (p∨q)∨ r ≡ p∨ (q∨ r)
(3.26) Axiom, Idempotency of ∨ : p∨ p ≡ p
(3.27) Axiom, Distributivity of ∨ over ≡ : p∨ (q ≡ r)≡ p∨q ≡ p∨ r
(3.28) Axiom, Excluded middle: p∨¬p
(3.29) Zero of ∨ : p∨ true ≡ true
(3.30) Identity of ∨ : p∨ f alse ≡ p
(3.31) Distributivity of ∨ over ∨ : p∨ (q∨ r)≡ (p∨q)∨ (p∨ r)
(3.32) p∨q ≡ p∨¬q ≡ p

Conjunction.
(3.35) Axiom, Golden rule: p∧q ≡ p ≡ q ≡ p∨q
(3.36) Symmetry of ∧ : p∧q ≡ q∧ p
(3.37) Associativity of ∧ : (p∧q)∧ r ≡ p∧ (q∧ r)
(3.38) Idempotency of ∧ : p∧ p ≡ p
(3.39) Identity of ∧ : p∧ true ≡ p
(3.40) Zero of ∧ : p∧ f alse ≡ f alse

4

Allows us to write p ≡ q ≡ r

instead of (p ≡ q)≡ r or p ≡ (q ≡ r)
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Allows us to write p ≡ q ≡ r

instead of (p ≡ q)≡ r or p ≡ (q ≡ r)

Can put ( ) anywhere

(p ≡ q)≡ (q ≡ p)

(p ≡ q ≡ q)≡ p

p ≡ (q ≡ q)≡ p

Proof
a ·b ·a = a2 ·b

= 〈(1) with x,y := b,a, which is b ·a = a ·b〉
a ·a ·b = a2 ·b

= 〈(2) with x := a, which is a ·a = a2〉
a2 ·b = a2 ·b

= 〈(3) with x := a2 ·b, which is a2 ·b = a2 ·b〉
true //
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If ! is a binary infix operator, the identity of !
is the constant i such that x! i = x.

1 is the identity of multiplication because x ·1 = x.
0 is the identity of addition because x+0 = x.
true is the identity of ≡ because p ≡ true ≡ p.



A Logical Approach to Discrete Math

2 J. STANLEY WARFORD

Theorems of the Propositional Calculus

Equivalence and true.
(3.1) Axiom, Associativity of ≡ : ((p ≡ q)≡ r) ≡ (p ≡ (q ≡ r))
(3.2) Axiom, Symmetry of ≡ : p ≡ q ≡ q ≡ p
(3.3) Axiom, Identity of ≡ : true ≡ q ≡ q
(3.4) true
(3.5) Reflexivity of ≡ : p ≡ p

Negation, inequivalence, and f alse.
(3.8) Definition of f alse : f alse ≡ ¬true
(3.9) Axiom, Distributivity of ¬ over ≡ : ¬(p ≡ q) ≡ ¬p ≡ q
(3.10) Definition of "≡ : (p "≡ q) ≡ ¬(p ≡ q)
(3.11) ¬p ≡ q ≡ p ≡ ¬q
(3.12) Double negation: ¬¬p ≡ p
(3.13) Negation of f alse: ¬ f alse ≡ true
(3.14) (p "≡ q) ≡ ¬p ≡ q
(3.15) ¬p ≡ p ≡ f alse
(3.16) Symmetry of "≡ : (p "≡ q) ≡ (q "≡ p)
(3.17) Associativity of "≡ : ((p "≡ q) "≡ r) ≡ (p "≡ (q "≡ r))
(3.18) Mutual associativity: ((p "≡ q)≡ r) ≡ (p "≡ (q ≡ r))
(3.19) Mutual interchangeability: p "≡ q ≡ r ≡ p ≡ q "≡ r
(3.19.1) p "≡ p "≡ q ≡ q

Disjunction.
(3.24) Axiom, Symmetry of ∨ : p∨q ≡ q∨ p
(3.25) Axiom, Associativity of ∨ : (p∨q)∨ r ≡ p∨ (q∨ r)
(3.26) Axiom, Idempotency of ∨ : p∨ p ≡ p
(3.27) Axiom, Distributivity of ∨ over ≡ : p∨ (q ≡ r)≡ p∨q ≡ p∨ r
(3.28) Axiom, Excluded middle: p∨¬p
(3.29) Zero of ∨ : p∨ true ≡ true
(3.30) Identity of ∨ : p∨ f alse ≡ p
(3.31) Distributivity of ∨ over ∨ : p∨ (q∨ r)≡ (p∨q)∨ (p∨ r)
(3.32) p∨q ≡ p∨¬q ≡ p

Conjunction.
(3.35) Axiom, Golden rule: p∧q ≡ p ≡ q ≡ p∨q
(3.36) Symmetry of ∧ : p∧q ≡ q∧ p
(3.37) Associativity of ∧ : (p∧q)∧ r ≡ p∧ (q∧ r)
(3.38) Idempotency of ∧ : p∧ p ≡ p
(3.39) Identity of ∧ : p∧ true ≡ p
(3.40) Zero of ∧ : p∧ f alse ≡ f alse

4

Allows us to write p ≡ q ≡ r

instead of (p ≡ q)≡ r or p ≡ (q ≡ r)

Can put ( ) anywhere

(p ≡ q)≡ (q ≡ p)

(p ≡ q ≡ q)≡ p

p ≡ (q ≡ q)≡ p

Prove p ≡ p ≡ q ≡ q
Proof

p ≡ p ≡ q ≡ q
= 〈(3.2) (p ≡ q ≡ q)≡ p〉

p ≡ p
= 〈(3.2) (p ≡ q ≡ q)≡ p〉

p ≡ q ≡ q ≡ p
which is (3.2) //

If ! is a binary infix operator, the identity of !
is the constant i such that x! i = x.

1 is the identity of multiplication because x ·1 = x.
0 is the identity of addition because x+0 = x.
true is the identity of ≡ because p ≡ true ≡ p.

Proof
true

= 〈(3.3) with p := true, true ≡ true ≡ true〉
true ≡ true

= 〈(3.3) true ≡ q ≡ q〉
true ≡ q ≡ q

which is (3.3) //
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5

Prove (3.39) Identity of ∧: p∧ true ≡ p

Proof
p∧ true ≡ p

= 〈(3.35) with q := true, p∧ true ≡ p ≡ true ≡ p∨ true〉
true ≡ p∨ true

= 〈(3.2) Symmetry of ≡〉
p∨ true ≡ true

which is (3.29) Zero of ∨ //

E[z := F ]

E[q := true] Legal, q is a variable.

E[true := q] Illegal, true is not a variable.

E[q := q∧ p] Legal, q is a variable.

E[q∧ p := q] Illegal, q∧ p is not a variable.

Must be a variable

5

Prove (3.39) Identity of ∧: p∧ true ≡ p

Proof
p∧ true ≡ p

= 〈(3.35) with q := true, p∧ true ≡ p ≡ true ≡ p∨ true〉
true ≡ p∨ true

= 〈(3.2) Symmetry of ≡〉
p∨ true ≡ true

which is (3.29) Zero of ∨ //

E[z := F ]

E[q := true] Legal, q is a variable.

E[true := q] Illegal, true is not a variable.

E[q := q∧ p] Legal, q is a variable.

E[q∧ p := q] Illegal, q∧ p is not a variable.
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Prove (3.39) Identity of ∧: p∧ true ≡ p

Proof
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E[q := q∧ p] Legal, q is a variable.

E[q∧ p := q] Illegal, q∧ p is not a variable.

Prove (3.29) p∨ true ≡ true
Which side do you start with?
The side with the most structure, the left hand side.
Proof

p∨ true
= 〈(3.3) with q := p〉

p∨ (p ≡ p)
= 〈(3.27) with q,r := p, p〉

p∨ p ≡ p∨ p
= 〈(3.3) with q := p∨ p〉

true //
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Prove (3.29) p∨ true ≡ true
It is more difficult to start with the right hand side.
Proof

true
= 〈(3.3) with q := p∨ p〉

p∨ p ≡ p∨ p
= 〈(3.27) with q,r := p, p〉

p∨ (p ≡ p)
= 〈(3.3) with q := p〉

p∨ true //

Prove (3.42) p∧¬p ≡ f alse

Proof
p∧¬p

= 〈(3.35) with q := ¬p〉
p ≡ ¬p ≡ p∨¬p

= 〈(3.2) Symmetry of ≡〉
¬p ≡ p ≡ p∨¬p

= 〈(3.15)〉
f alse ≡ p∨¬p

= 〈(3.28) Excluded middle〉
f alse ≡ true

= 〈(3.3) with q := f alse〉
f alse //



A Logical Approach to Discrete Math 6

Prove (3.29) p∨ true ≡ true
It is more difficult to start with the right hand side.
Proof

true
= 〈(3.3) with q := p∨ p〉

p∨ p ≡ p∨ p
= 〈(3.27) with q,r := p, p〉

p∨ (p ≡ p)
= 〈(3.3) with q := p〉

p∨ true //

Prove (3.42) p∧¬p ≡ f alse

Proof
p∧¬p

= 〈(3.35) with q := ¬p〉
p ≡ ¬p ≡ p∨¬p

= 〈(3.2) Symmetry of ≡〉
¬p ≡ p ≡ p∨¬p

= 〈(3.15)〉
f alse ≡ p∨¬p

= 〈(3.28) Excluded middle〉
f alse ≡ true

= 〈(3.3) with q := f alse〉
f alse //



A Logical Approach to Discrete Math

2 J. STANLEY WARFORD

Theorems of the Propositional Calculus

Equivalence and true.
(3.1) Axiom, Associativity of ≡ : ((p ≡ q)≡ r) ≡ (p ≡ (q ≡ r))
(3.2) Axiom, Symmetry of ≡ : p ≡ q ≡ q ≡ p
(3.3) Axiom, Identity of ≡ : true ≡ q ≡ q
(3.4) true
(3.5) Reflexivity of ≡ : p ≡ p

Negation, inequivalence, and f alse.
(3.8) Definition of f alse : f alse ≡ ¬true
(3.9) Axiom, Distributivity of ¬ over ≡ : ¬(p ≡ q) ≡ ¬p ≡ q
(3.10) Definition of "≡ : (p "≡ q) ≡ ¬(p ≡ q)
(3.11) ¬p ≡ q ≡ p ≡ ¬q
(3.12) Double negation: ¬¬p ≡ p
(3.13) Negation of f alse: ¬ f alse ≡ true
(3.14) (p "≡ q) ≡ ¬p ≡ q
(3.15) ¬p ≡ p ≡ f alse
(3.16) Symmetry of "≡ : (p "≡ q) ≡ (q "≡ p)
(3.17) Associativity of "≡ : ((p "≡ q) "≡ r) ≡ (p "≡ (q "≡ r))
(3.18) Mutual associativity: ((p "≡ q)≡ r) ≡ (p "≡ (q ≡ r))
(3.19) Mutual interchangeability: p "≡ q ≡ r ≡ p ≡ q "≡ r
(3.19.1) p "≡ p "≡ q ≡ q

Disjunction.
(3.24) Axiom, Symmetry of ∨ : p∨q ≡ q∨ p
(3.25) Axiom, Associativity of ∨ : (p∨q)∨ r ≡ p∨ (q∨ r)
(3.26) Axiom, Idempotency of ∨ : p∨ p ≡ p
(3.27) Axiom, Distributivity of ∨ over ≡ : p∨ (q ≡ r)≡ p∨q ≡ p∨ r
(3.28) Axiom, Excluded middle: p∨¬p
(3.29) Zero of ∨ : p∨ true ≡ true
(3.30) Identity of ∨ : p∨ f alse ≡ p
(3.31) Distributivity of ∨ over ∨ : p∨ (q∨ r)≡ (p∨q)∨ (p∨ r)
(3.32) p∨q ≡ p∨¬q ≡ p

Conjunction.
(3.35) Axiom, Golden rule: p∧q ≡ p ≡ q ≡ p∨q
(3.36) Symmetry of ∧ : p∧q ≡ q∧ p
(3.37) Associativity of ∧ : (p∧q)∧ r ≡ p∧ (q∧ r)
(3.38) Idempotency of ∧ : p∧ p ≡ p
(3.39) Identity of ∧ : p∧ true ≡ p
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Defines conjunction in terms of disjunction.
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Negation, inequivalence, and f alse.
(3.8) Definition of f alse : f alse ≡ ¬true
(3.9) Axiom, Distributivity of ¬ over ≡ : ¬(p ≡ q) ≡ ¬p ≡ q
(3.10) Definition of "≡ : (p "≡ q) ≡ ¬(p ≡ q)
(3.11) ¬p ≡ q ≡ p ≡ ¬q
(3.12) Double negation: ¬¬p ≡ p
(3.13) Negation of f alse: ¬ f alse ≡ true
(3.14) (p "≡ q) ≡ ¬p ≡ q
(3.15) ¬p ≡ p ≡ f alse
(3.16) Symmetry of "≡ : (p "≡ q) ≡ (q "≡ p)
(3.17) Associativity of "≡ : ((p "≡ q) "≡ r) ≡ (p "≡ (q "≡ r))
(3.18) Mutual associativity: ((p "≡ q)≡ r) ≡ (p "≡ (q ≡ r))
(3.19) Mutual interchangeability: p "≡ q ≡ r ≡ p ≡ q "≡ r
(3.19.1) p "≡ p "≡ q ≡ q

Disjunction.
(3.24) Axiom, Symmetry of ∨ : p∨q ≡ q∨ p
(3.25) Axiom, Associativity of ∨ : (p∨q)∨ r ≡ p∨ (q∨ r)
(3.26) Axiom, Idempotency of ∨ : p∨ p ≡ p
(3.27) Axiom, Distributivity of ∨ over ≡ : p∨ (q ≡ r)≡ p∨q ≡ p∨ r
(3.28) Axiom, Excluded middle: p∨¬p
(3.29) Zero of ∨ : p∨ true ≡ true
(3.30) Identity of ∨ : p∨ f alse ≡ p
(3.31) Distributivity of ∨ over ∨ : p∨ (q∨ r)≡ (p∨q)∨ (p∨ r)
(3.32) p∨q ≡ p∨¬q ≡ p

Conjunction.
(3.35) Axiom, Golden rule: p∧q ≡ p ≡ q ≡ p∨q
(3.36) Symmetry of ∧ : p∧q ≡ q∧ p
(3.37) Associativity of ∧ : (p∧q)∧ r ≡ p∧ (q∧ r)
(3.38) Idempotency of ∧ : p∧ p ≡ p
(3.39) Identity of ∧ : p∧ true ≡ p
(3.40) Zero of ∧ : p∧ f alse ≡ f alse

5

Prove (3.39) Identity of ∧: p∧ true ≡ p

Proof
p∧ true ≡ p

= 〈(3.35) with q := true, p∧ true ≡ p ≡ true ≡ p∨ true〉
true ≡ p∨ true

= 〈(3.2) Symmetry of ≡〉
p∨ true ≡ true

which is (3.29) Zero of ∨ //

E[z := F ]

E[q := true] Legal, q is a variable.

E[true := q] Illegal, true is not a variable.

E[q := q∧ p] Legal, q is a variable.

E[q∧ p := q] Illegal, q∧ p is not a variable.
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(3.3) Axiom, Identity of ≡ : true ≡ q ≡ q
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(3.5) Reflexivity of ≡ : p ≡ p

Negation, inequivalence, and f alse.
(3.8) Definition of f alse : f alse ≡ ¬true
(3.9) Axiom, Distributivity of ¬ over ≡ : ¬(p ≡ q) ≡ ¬p ≡ q
(3.10) Definition of "≡ : (p "≡ q) ≡ ¬(p ≡ q)
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(3.19) Mutual interchangeability: p "≡ q ≡ r ≡ p ≡ q "≡ r
(3.19.1) p "≡ p "≡ q ≡ q

Disjunction.
(3.24) Axiom, Symmetry of ∨ : p∨q ≡ q∨ p
(3.25) Axiom, Associativity of ∨ : (p∨q)∨ r ≡ p∨ (q∨ r)
(3.26) Axiom, Idempotency of ∨ : p∨ p ≡ p
(3.27) Axiom, Distributivity of ∨ over ≡ : p∨ (q ≡ r)≡ p∨q ≡ p∨ r
(3.28) Axiom, Excluded middle: p∨¬p
(3.29) Zero of ∨ : p∨ true ≡ true
(3.30) Identity of ∨ : p∨ f alse ≡ p
(3.31) Distributivity of ∨ over ∨ : p∨ (q∨ r)≡ (p∨q)∨ (p∨ r)
(3.32) p∨q ≡ p∨¬q ≡ p

Conjunction.
(3.35) Axiom, Golden rule: p∧q ≡ p ≡ q ≡ p∨q
(3.36) Symmetry of ∧ : p∧q ≡ q∧ p
(3.37) Associativity of ∧ : (p∧q)∧ r ≡ p∧ (q∧ r)
(3.38) Idempotency of ∧ : p∧ p ≡ p
(3.39) Identity of ∧ : p∧ true ≡ p
(3.40) Zero of ∧ : p∧ f alse ≡ f alse
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Prove (3.29) p∨ true ≡ true
It is more difficult to start with the right hand side.
Proof

true
= 〈(3.3) with q := p∨ p〉

p∨ p ≡ p∨ p
= 〈(3.27) with q,r := p, p〉

p∨ (p ≡ p)
= 〈(3.3) with q := p〉

p∨ true //

Prove (3.42) p∧¬p ≡ f alse
Proof

p∧¬p
= 〈(3.35) with q := ¬p〉

p ≡ ¬p ≡ p∨¬p
= 〈(3.2) Symmetry of ≡〉

¬p ≡ p ≡ p∨¬p
= 〈(3.15)〉

f alse ≡ p∨¬p
= 〈(3.28) Excluded middle〉

f alse ≡ true
= 〈(3.3) with q := f alse〉

f alse //
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(3.41) Distributivity of ∧ over ∧ : p∧ (q∧ r)≡ (p∧q)∧ (p∧ r)
(3.42) Contradiction: p∧¬p ≡ f alse
(3.43) Absorption:

(a) p∧ (p∨q)≡ p
(b) p∨ (p∧q)≡ p

(3.44) Absorption:
(a) p∧ (¬p∨q)≡ p∧q
(b) p∨ (¬p∧q)≡ p∨q

(3.45) Distributivity of ∨ over ∧ : p∨ (q∧ r)≡ (p∨q)∧ (p∨ r)
(3.46) Distributivity of ∧ over ∨ : p∧ (q∨ r)≡ (p∧q)∨ (p∧ r)
(3.46.1) Consensus: (p∧q)∨ (¬p∧ r)∨ (q∧ r)≡ (p∧q)∨ (¬p∧ r)
(3.47) De Morgan:

(a) ¬(p∧q)≡ ¬p∨¬q
(b) ¬(p∨q)≡ ¬p∧¬q

(3.48) p∧q ≡ p∧¬q ≡ ¬p
(3.49) p∧ (q ≡ r) ≡ p∧q ≡ p∧ r ≡ p
(3.50) p∧ (q ≡ p) ≡ p∧q
(3.51) Replacement: (p ≡ q)∧ (r ≡ p) ≡ (p ≡ q)∧ (r ≡ q)
(3.52) Equivalence: p ≡ q ≡ (p∧q)∨ (¬p∧¬q)
(3.53) Exclusive or: p $≡ q ≡ (¬p∧q)∨ (p∧¬q)
(3.55) (p∧q)∧ r ≡ p ≡ q ≡ r ≡ p∨q ≡ q∨ r ≡ r∨ p ≡ p∨q∨ r

Implication.
(3.57) Definition of Implication: p ⇒ q ≡ p∨q ≡ q
(3.58) Axiom, Consequence: p ⇐ q ≡ q ⇒ p
(3.59) Implication: p ⇒ q ≡ ¬p∨q
(3.60) Implication: p ⇒ q ≡ p∧q ≡ p
(3.61) Contrapositive: p ⇒ q ≡ ¬q ⇒ ¬p
(3.62) p ⇒ (q ≡ r) ≡ p∧q ≡ p∧ r
(3.63) Distributivity of⇒ over ≡ : p ⇒ (q ≡ r) ≡ (p ⇒ q) ≡ (p ⇒ r)
(3.63.1) Distributivity of⇒ over ∧ : p ⇒ q∧ r ≡ (p ⇒ q)∧ (p ⇒ r)
(3.63.2) Distributivity of⇒ over ∨ : p ⇒ q∨ r ≡ (p ⇒ q)∨ (p ⇒ r)
(3.64) p ⇒ (q ⇒ r) ≡ (p ⇒ q)⇒ (p ⇒ r)
(3.65) Shunting: p∧q ⇒ r ≡ p ⇒ (q ⇒ r)
(3.66) p∧ (p ⇒ q) ≡ p∧q
(3.67) p∧ (q ⇒ p) ≡ p
(3.68) p∨ (p ⇒ q) ≡ true
(3.69) p∨ (q ⇒ p) ≡ q ⇒ p
(3.70) p∨q ⇒ p∧q ≡ p ≡ q
(3.71) Reflexivity of⇒ : p ⇒ p
(3.72) Right zero of⇒ : p ⇒ true ≡ true
(3.73) Left identity of⇒ : true ⇒ p ≡ p
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Prove (3.29) p∨ true ≡ true
It is more difficult to start with the right hand side.
Proof

true
= 〈(3.3) with q := p∨ p〉

p∨ p ≡ p∨ p
= 〈(3.27) with q,r := p, p〉

p∨ (p ≡ p)
= 〈(3.3) with q := p〉

p∨ true //

Prove (3.42) p∧¬p ≡ f alse
Proof

p∧¬p
= 〈(3.35) with q := ¬p〉

p ≡ ¬p ≡ p∨¬p
= 〈(3.2) Symmetry of ≡〉

¬p ≡ p ≡ p∨¬p
= 〈(3.15)〉

f alse ≡ p∨¬p
= 〈(3.28) Excluded middle〉

f alse ≡ true
= 〈(3.3) with q := f alse〉

f alse //

The converse of p ⇒ q is q ⇒ p.

An implication is not equivalent to its converse.

The contrapositive of p ⇒ q is ¬q ⇒ ¬p.

An implication is equivalent to its contrapositive.
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(3.74) p ⇒ f alse ≡ ¬p
(3.74.1) ¬p ⇒ f alse ≡ p
(3.74.2) p ⇒ ¬p ≡ ¬p
(3.75) f alse ⇒ p ≡ true
(3.76) Weakening/strengthening:

(a) p ⇒ p∨q (Weakening the consequent)
(b) p∧q ⇒ p (Strengthening the antecedent)
(c) p∧q ⇒ p∨q (Weakening/strengthening)
(d) p∨ (q∧ r)⇒ p∨q
(e) p∧q ⇒ p∧ (q∨ r)

(3.76.1) p∧q ⇒ p∨ r (Weakening/strengthening)
(3.76.2) (p ⇒ q)⇒ ((q ⇒ r)⇒ (p ⇒ r))
(3.77) Modus ponens: p∧ (p ⇒ q)⇒ q
(3.77.1) Modus tollens: (p ⇒ q)∧¬q ⇒ ¬p
(3.78) (p ⇒ r)∧ (q ⇒ r) ≡ p∨q ⇒ r
(3.78.1) (p ⇒ r)∨ (q ⇒ r) ≡ p∧q ⇒ r
(3.79) (p ⇒ r)∧ (¬p ⇒ r) ≡ r
(3.80) Mutual implication: (p ⇒ q)∧ (q ⇒ p) ≡ (p ≡ q)
(3.81) Antisymmetry: (p ⇒ q)∧ (q ⇒ p)⇒ (p ≡ q)
(3.82) Transitivity:

(a) (p ⇒ q)∧ (q ⇒ r)⇒ (p ⇒ r)
(b) (p ≡ q)∧ (q ⇒ r)⇒ (p ⇒ r)
(c) (p ⇒ q)∧ (q ≡ r)⇒ (p ⇒ r)

(3.82.1) Transitivity of ≡ : (p ≡ q)∧ (q ≡ r)⇒ (p ≡ r)
(3.82.2) (p ≡ q)⇒ (p ⇒ q)

Leibniz as an axiom.
This section uses the following notation: Ez

X means E[z := X ].
(3.83) Axiom, Leibniz: e = f ⇒ Ez

e = Ez
f

(3.84) Substitution:
(a) (e = f )∧Ez

e ≡ (e = f )∧Ez
f

(b) (e = f )⇒ Ez
e ≡ (e = f )⇒ Ez

f

(c) q∧ (e = f )⇒ Ez
e ≡ q∧ (e = f )⇒ Ez

f

(3.85) Replace by true:
(a) p ⇒ Ez

p ≡ p ⇒ Ez
true

(b) q∧ p ⇒ Ez
p ≡ q∧ p ⇒ Ez

true

(3.86) Replace by f alse:
(a) Ez

p ⇒ p ≡ Ez
f alse ⇒ p

(b) Ez
p ⇒ p∨q ≡ Ez

f alse ⇒ p∨q
(3.87) Replace by true: p∧Ez

p ≡ p∧Ez
true

(3.88) Replace by f alse: p∨Ez
p ≡ p∨Ez

f alse
(3.89) Shannon: Ez

p ≡ (p∧Ez
true)∨ (¬p∧Ez

f alse)
(3.89.1) Ez

true ∧Ez
f alse ⇒ Ez

p

7

Inference Rule Leibniz:
X = Y

E[z := X ] = E[z := Y ]

Inference Rule Leibniz:
X = Y

Ez
X = Ez

Y
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Inference Rule Leibniz:
X = Y

E[z := X ] = E[z := Y ]

Inference Rule Leibniz:
X = Y

Ez
X = Ez

Y

Example

E : x∧ z

e = f ⇒ (x∧ e) = (x∧ f )
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Inference Rule Leibniz:
X = Y

E[z := X ] = E[z := Y ]

Inference Rule Leibniz:
X = Y

Ez
X = Ez
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Example

E : x∧ z

e = f ⇒ (x∧ e) = (x∧ f )

Prove (3.84a) (e = f )∧Ez
e ≡ (e = f )∧Ez

f
Proof

(e = f )∧Ez
e ≡ (e = f )∧Ez

f
= 〈(3.62)〉

(e = f )⇒ (Ez
e ≡ Ez

f )

= 〈Replace ≡ with = 〉
(e = f )⇒ (Ez

e = Ez
f )

= 〈remove unnecessary parentheses〉
e = f ⇒ Ez

e = Ez
f

which is (3.83) //


