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Inference Rule Leibniz:
X = Y

E[z := X ] = E[z := Y ]

Inference Rule Leibniz:
X = Y

Ez
X = Ez

Y

Example

E : x∧ z

e = f ⇒ (x∧ e) = (x∧ f )

Prove (3.84a) (e = f )∧Ez
e ≡ (e = f )∧Ez

f
Proof

(e = f )∧Ez
e ≡ (e = f )∧Ez

f
= 〈(3.62)〉

(e = f )⇒ (Ez
e ≡ Ez

f )

= 〈Replace ≡ with = 〉
(e = f )⇒ (Ez

e = Ez
f )

= 〈remove unnecessary parentheses〉
e = f ⇒ Ez

e = Ez
f

which is (3.83) //

Suppose you know that a = b and b > c and c = d.
Because > and = are together transitive, you can prove that a > d like this.
Proof

a
= 〈a = b〉

b
> 〈b > c〉

c
= 〈c = d〉

d //

Proving implications with (3.82)
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(3.74) p ⇒ f alse ≡ ¬p
(3.74.1) ¬p ⇒ f alse ≡ p
(3.74.2) p ⇒ ¬p ≡ ¬p
(3.75) f alse ⇒ p ≡ true
(3.76) Weakening/strengthening:

(a) p ⇒ p∨q (Weakening the consequent)
(b) p∧q ⇒ p (Strengthening the antecedent)
(c) p∧q ⇒ p∨q (Weakening/strengthening)
(d) p∨ (q∧ r)⇒ p∨q
(e) p∧q ⇒ p∧ (q∨ r)

(3.76.1) p∧q ⇒ p∨ r (Weakening/strengthening)
(3.76.2) (p ⇒ q)⇒ ((q ⇒ r)⇒ (p ⇒ r))
(3.77) Modus ponens: p∧ (p ⇒ q)⇒ q
(3.77.1) Modus tollens: (p ⇒ q)∧¬q ⇒ ¬p
(3.78) (p ⇒ r)∧ (q ⇒ r) ≡ p∨q ⇒ r
(3.78.1) (p ⇒ r)∨ (q ⇒ r) ≡ p∧q ⇒ r
(3.79) (p ⇒ r)∧ (¬p ⇒ r) ≡ r
(3.80) Mutual implication: (p ⇒ q)∧ (q ⇒ p) ≡ (p ≡ q)
(3.81) Antisymmetry: (p ⇒ q)∧ (q ⇒ p)⇒ (p ≡ q)
(3.82) Transitivity:

(a) (p ⇒ q)∧ (q ⇒ r)⇒ (p ⇒ r)
(b) (p ≡ q)∧ (q ⇒ r)⇒ (p ⇒ r)
(c) (p ⇒ q)∧ (q ≡ r)⇒ (p ⇒ r)

(3.82.1) Transitivity of ≡ : (p ≡ q)∧ (q ≡ r)⇒ (p ≡ r)
(3.82.2) (p ≡ q)⇒ (p ⇒ q)

Leibniz as an axiom.
This section uses the following notation: Ez

X means E[z := X ].
(3.83) Axiom, Leibniz: e = f ⇒ Ez

e = Ez
f

(3.84) Substitution:
(a) (e = f )∧Ez

e ≡ (e = f )∧Ez
f

(b) (e = f )⇒ Ez
e ≡ (e = f )⇒ Ez

f

(c) q∧ (e = f )⇒ Ez
e ≡ q∧ (e = f )⇒ Ez

f

(3.85) Replace by true:
(a) p ⇒ Ez

p ≡ p ⇒ Ez
true

(b) q∧ p ⇒ Ez
p ≡ q∧ p ⇒ Ez

true

(3.86) Replace by f alse:
(a) Ez

p ⇒ p ≡ Ez
f alse ⇒ p

(b) Ez
p ⇒ p∨q ≡ Ez

f alse ⇒ p∨q
(3.87) Replace by true: p∧Ez

p ≡ p∧Ez
true

(3.88) Replace by f alse: p∨Ez
p ≡ p∨Ez

f alse
(3.89) Shannon: Ez

p ≡ (p∧Ez
true)∨ (¬p∧Ez

f alse)
(3.89.1) Ez

true ∧Ez
f alse ⇒ Ez

p
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Prove (4.2) (p ⇒ q)⇒ (p∨ r ⇒ q∨ r)
Proof

p∨ r ⇒ q∨ r
= 〈(3.57)〉

p∨ r∨q∨ r ≡ q∨ r
= 〈(3.26)〉

p∨q∨ r ≡ q∨ r
= 〈(3.27)〉

(p∨q ≡ q)∨ r
= 〈(3.57)〉

(p ⇒ q)∨ r
⇐ 〈(3.76a) p ⇒ p∨q〉

(p ⇒ q) //
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Additional theorems concerning implication.
(4.1) p ⇒ (q ⇒ p)
(4.2) Monotonicity of ∨ : (p ⇒ q)⇒ (p∨ r ⇒ q∨ r)
(4.3) Monotonicity of ∧ : (p ⇒ q)⇒ (p∧ r ⇒ q∧ r)

Proof technique metatheorems.
(4.4) Deduction (assume conjuncts of antecedent):

To prove P1 ∧P2 ⇒ Q, assume P1 and P2, and prove Q.
You cannot use textual substitution in P1 or P2.

(4.5) Case analysis: If Ez
true and Ez

f alse are theorems, then so is Ez
P.

(4.6) Case analysis: (p∨q∨ r)∧ (p ⇒ s)∧ (q ⇒ s)∧ (r ⇒ s)⇒ s
(4.7) Mutual implication: To prove P ≡ Q, prove P ⇒ Q and Q ⇒ P.
(4.7.1) Truth implication: To prove P, prove true ⇒ P.
(4.9) Proof by contradiction: To prove P, prove ¬P ⇒ f alse.
(4.9.1) Proof by contradiction: To prove P, prove ¬P ≡ f alse.
(4.12) Proof by contrapositive: To prove P ⇒ Q, prove ¬Q ⇒ ¬P.

General Laws of Quantification

For symmetric and associative binary operator ! with identity u.
(8.13) Axiom, Empty range: (!x f alse : P) = u
(8.14) Axiom, One-point rule: Provided ¬occurs(‘x’, ‘E’),

(!x x = E : P) = P[x := E]
(8.15) Axiom, Distributivity: Provided P,Q : B or R is finite,

(!x R : P)! (!x R : Q) = (!x R : P!Q)

(8.16) Axiom, Range split: Provided R∧S ≡ f alse and P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

(8.17) Axiom, Range split: Provided P : B or R and S are finite,
(!x R∨S : P)! (!x R∧S : P) = (!x R : P)! (!x S : P)

(8.18) Axiom, Range split for idempotent ! : Provided P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

(8.19) Axiom, Interchange of dummies: Provided ! is idempotent or R and Q are finite,
¬occurs(‘y’, ‘R’), ¬occurs(‘x’, ‘Q’),
(!x R : (!y Q : P)) = (!y Q : (!x R : P))

(8.20) Axiom, nesting: Provided ¬occurs(‘y’, ‘R’),
(!x,y R∧Q : P) = (!x R : (!y Q : P))

(8.21) Axiom, Dummy renaming: Provided ¬occurs(‘y’, ‘R,P’),
(!x R : P) = (!y R[x := y] : P[x := y])

(8.22) Change of dummy: Provided ¬occurs(‘y’, ‘R,P’), and f has an inverse,
(!x R : P) = (!y R[x := f .y] : P[x := f .y])
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Prove (4.2) (p ⇒ q)⇒ (p∨ r ⇒ q∨ r)
Proof

p∨ r ⇒ q∨ r
= 〈(3.57)〉

p∨ r∨q∨ r ≡ q∨ r
= 〈(3.26)〉

p∨q∨ r ≡ q∨ r
= 〈(3.27)〉

(p∨q ≡ q)∨ r
= 〈(3.57)〉

(p ⇒ q)∨ r
⇐ 〈(3.76a) p ⇒ p∨q〉

(p ⇒ q) //

Monotonicity is necessary in some proof steps.

Example
Suppose you have p∧ s.
Then the following proof step is legal.

p∧ s
⇒ 〈(3.76a) p ⇒ p∨q and (4.3) Monotonicity of ∧〉

(p∨q)∧ s
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Prove (4.2) (p ⇒ q)⇒ (p∨ r ⇒ q∨ r)
Proof

p∨ r ⇒ q∨ r
= 〈(3.57)〉
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p∧ s
⇒ 〈(3.76a) p ⇒ p∨q and (4.3) Monotonicity of ∧〉
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Example
Suppose you have p∨ (s ≡ r).
Then the following proof step is legal.

p∨ (s ≡ r)
⇒ 〈(3.76a) p ⇒ p∨q and (4.2) Monotonicity of ∨〉

(p∨q)∨ (s ≡ r)
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Caution
≡ is not monotonic.
Suppose you have p ≡ r∨ s.
Then the following proof step is not legal.

p ≡ r∨ s
⇒ 〈(3.76a) p ⇒ p∨q〉

p∨q ≡ r∨ s

Caution
¬ is not monotonic.
Suppose you have ¬(p∧q).
Then the following proof step is not legal.

¬(p∧q)
⇒ 〈(3.76c) p∧q ⇒ p∨q〉

¬(p∨q)

Prove (p∧q)⇒ (p ≡ q)
Proof : Deduction

p ≡ q
= 〈Assume conjunct p〉

true ≡ q
= 〈Assume conjunct q〉

true ≡ true
which is (3.5) Reflexivity //

Using Monotonicity of ∨ in a proof step.
p∨ r

⇒ 〈Why p ⇒ q and (4.2) Monotonicity of ∨〉
q∨ r

Using Monotonicity of ∧ in a proof step.
p∧ r

⇒ 〈Why p ⇒ q and (4.3) Monotonicity of ∧〉
q∧ r
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Caution
≡ is not monotonic.
Suppose you have p ≡ r∨ s.
Then the following proof step is not legal.

p ≡ r∨ s
⇒ 〈(3.76a) p ⇒ p∨q〉
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Caution
¬ is not monotonic.
Suppose you have p ⇒ q.
Then the following proof step is not legal.

¬p
⇒ 〈p ⇒ q〉

¬q
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Caution
≡ is not monotonic.
Suppose you have p ≡ r∨ s.
Then the following proof step is not legal.

p ≡ r∨ s
⇒ 〈(3.76a) p ⇒ p∨q〉

p∨q ≡ r∨ s

Caution
¬ is not monotonic.
Suppose you have ¬(p∧q).
Then the following proof step is not legal.

¬(p∧q)
⇒ 〈(3.76c) p∧q ⇒ p∨q〉

¬(p∨q)
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Proof techniques

Metatheorem:   A theorem about theorems.

Proof techniques:   Technically, it is legal to use these proof 
techniques only after Chapter 4.

Reproofs:   Because they make good exercises, we will illustrate 
the proof techniques by re-proving previous theorems. Strictly 
speaking, they are not legitimate proves.
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P.

(4.6) Case analysis: (p∨q∨ r)∧ (p ⇒ s)∧ (q ⇒ s)∧ (r ⇒ s)⇒ s
(4.7) Mutual implication: To prove P ≡ Q, prove P ⇒ Q and Q ⇒ P.
(4.7.1) Truth implication: To prove P, prove true ⇒ P.
(4.9) Proof by contradiction: To prove P, prove ¬P ⇒ f alse.
(4.9.1) Proof by contradiction: To prove P, prove ¬P ≡ f alse.
(4.12) Proof by contrapositive: To prove P ⇒ Q, prove ¬Q ⇒ ¬P.

General Laws of Quantification

For symmetric and associative binary operator ! with identity u.
(8.13) Axiom, Empty range: (!x f alse : P) = u
(8.14) Axiom, One-point rule: Provided ¬occurs(‘x’, ‘E’),

(!x x = E : P) = P[x := E]
(8.15) Axiom, Distributivity: Provided P,Q : B or R is finite,

(!x R : P)! (!x R : Q) = (!x R : P!Q)

(8.16) Axiom, Range split: Provided R∧S ≡ f alse and P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

(8.17) Axiom, Range split: Provided P : B or R and S are finite,
(!x R∨S : P)! (!x R∧S : P) = (!x R : P)! (!x S : P)

(8.18) Axiom, Range split for idempotent ! : Provided P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

(8.19) Axiom, Interchange of dummies: Provided ! is idempotent or R and Q are finite,
¬occurs(‘y’, ‘R’), ¬occurs(‘x’, ‘Q’),
(!x R : (!y Q : P)) = (!y Q : (!x R : P))

(8.20) Axiom, nesting: Provided ¬occurs(‘y’, ‘R’),
(!x,y R∧Q : P) = (!x R : (!y Q : P))

(8.21) Axiom, Dummy renaming: Provided ¬occurs(‘y’, ‘R,P’),
(!x R : P) = (!y R[x := y] : P[x := y])

(8.22) Change of dummy: Provided ¬occurs(‘y’, ‘R,P’), and f has an inverse,
(!x R : P) = (!y R[x := f .y] : P[x := f .y])
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Caution
≡ is not monotonic.
Suppose you have p ≡ r∨ s.
Then the following proof step is not legal.

p ≡ r∨ s
⇒ 〈(3.76a) p ⇒ p∨q〉

p∨q ≡ r∨ s

Caution
¬ is not monotonic.
Suppose you have ¬(p∧q).
Then the following proof step is not legal.

¬(p∧q)
⇒ 〈(3.76c) p∧q ⇒ p∨q〉

¬(p∨q)

Prove (p∧q)⇒ (p ≡ q)
Proof : Deduction

p ≡ q
= 〈Assume conjunct p〉

true ≡ q
= 〈Assume conjunct q〉

true ≡ true
which is (3.5) Reflexivity //
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(4.1) p ⇒ (q ⇒ p)
(4.2) Monotonicity of ∨ : (p ⇒ q)⇒ (p∨ r ⇒ q∨ r)
(4.3) Monotonicity of ∧ : (p ⇒ q)⇒ (p∧ r ⇒ q∧ r)
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(4.4) Deduction (assume conjuncts of antecedent):
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P.

(4.6) Case analysis: (p∨q∨ r)∧ (p ⇒ s)∧ (q ⇒ s)∧ (r ⇒ s)⇒ s
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(3.74) p ⇒ f alse ≡ ¬p
(3.74.1) ¬p ⇒ f alse ≡ p
(3.74.2) p ⇒ ¬p ≡ ¬p
(3.75) f alse ⇒ p ≡ true
(3.76) Weakening/strengthening:

(a) p ⇒ p∨q (Weakening the consequent)
(b) p∧q ⇒ p (Strengthening the antecedent)
(c) p∧q ⇒ p∨q (Weakening/strengthening)
(d) p∨ (q∧ r)⇒ p∨q
(e) p∧q ⇒ p∧ (q∨ r)

(3.76.1) p∧q ⇒ p∨ r (Weakening/strengthening)
(3.76.2) (p ⇒ q)⇒ ((q ⇒ r)⇒ (p ⇒ r))
(3.77) Modus ponens: p∧ (p ⇒ q)⇒ q
(3.77.1) Modus tollens: (p ⇒ q)∧¬q ⇒ ¬p
(3.78) (p ⇒ r)∧ (q ⇒ r) ≡ p∨q ⇒ r
(3.78.1) (p ⇒ r)∨ (q ⇒ r) ≡ p∧q ⇒ r
(3.79) (p ⇒ r)∧ (¬p ⇒ r) ≡ r
(3.80) Mutual implication: (p ⇒ q)∧ (q ⇒ p) ≡ (p ≡ q)
(3.81) Antisymmetry: (p ⇒ q)∧ (q ⇒ p)⇒ (p ≡ q)
(3.82) Transitivity:

(a) (p ⇒ q)∧ (q ⇒ r)⇒ (p ⇒ r)
(b) (p ≡ q)∧ (q ⇒ r)⇒ (p ⇒ r)
(c) (p ⇒ q)∧ (q ≡ r)⇒ (p ⇒ r)

(3.82.1) Transitivity of ≡ : (p ≡ q)∧ (q ≡ r)⇒ (p ≡ r)
(3.82.2) (p ≡ q)⇒ (p ⇒ q)

Leibniz as an axiom.
This section uses the following notation: Ez

X means E[z := X ].
(3.83) Axiom, Leibniz: e = f ⇒ Ez

e = Ez
f

(3.84) Substitution:
(a) (e = f )∧Ez

e ≡ (e = f )∧Ez
f

(b) (e = f )⇒ Ez
e ≡ (e = f )⇒ Ez

f

(c) q∧ (e = f )⇒ Ez
e ≡ q∧ (e = f )⇒ Ez

f

(3.85) Replace by true:
(a) p ⇒ Ez

p ≡ p ⇒ Ez
true

(b) q∧ p ⇒ Ez
p ≡ q∧ p ⇒ Ez

true

(3.86) Replace by f alse:
(a) Ez

p ⇒ p ≡ Ez
f alse ⇒ p

(b) Ez
p ⇒ p∨q ≡ Ez

f alse ⇒ p∨q
(3.87) Replace by true: p∧Ez

p ≡ p∧Ez
true

(3.88) Replace by f alse: p∨Ez
p ≡ p∨Ez

f alse
(3.89) Shannon: Ez

p ≡ (p∧Ez
true)∨ (¬p∧Ez

f alse)
(3.89.1) Ez

true ∧Ez
f alse ⇒ Ez

p
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Additional theorems concerning implication.
(4.1) p ⇒ (q ⇒ p)
(4.2) Monotonicity of ∨ : (p ⇒ q)⇒ (p∨ r ⇒ q∨ r)
(4.3) Monotonicity of ∧ : (p ⇒ q)⇒ (p∧ r ⇒ q∧ r)

Proof technique metatheorems.
(4.4) Deduction (assume conjuncts of antecedent):

To prove P1 ∧P2 ⇒ Q, assume P1 and P2, and prove Q.
You cannot use textual substitution in P1 or P2.

(4.5) Case analysis: If Ez
true and Ez

f alse are theorems, then so is Ez
P.

(4.6) Case analysis: (p∨q∨ r)∧ (p ⇒ s)∧ (q ⇒ s)∧ (r ⇒ s)⇒ s
(4.7) Mutual implication: To prove P ≡ Q, prove P ⇒ Q and Q ⇒ P.
(4.7.1) Truth implication: To prove P, prove true ⇒ P.
(4.9) Proof by contradiction: To prove P, prove ¬P ⇒ f alse.
(4.9.1) Proof by contradiction: To prove P, prove ¬P ≡ f alse.
(4.12) Proof by contrapositive: To prove P ⇒ Q, prove ¬Q ⇒ ¬P.

General Laws of Quantification

For symmetric and associative binary operator ! with identity u.
(8.13) Axiom, Empty range: (!x f alse : P) = u
(8.14) Axiom, One-point rule: Provided ¬occurs(‘x’, ‘E’),

(!x x = E : P) = P[x := E]
(8.15) Axiom, Distributivity: Provided P,Q : B or R is finite,

(!x R : P)! (!x R : Q) = (!x R : P!Q)

(8.16) Axiom, Range split: Provided R∧S ≡ f alse and P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

(8.17) Axiom, Range split: Provided P : B or R and S are finite,
(!x R∨S : P)! (!x R∧S : P) = (!x R : P)! (!x S : P)

(8.18) Axiom, Range split for idempotent ! : Provided P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

(8.19) Axiom, Interchange of dummies: Provided ! is idempotent or R and Q are finite,
¬occurs(‘y’, ‘R’), ¬occurs(‘x’, ‘Q’),
(!x R : (!y Q : P)) = (!y Q : (!x R : P))

(8.20) Axiom, nesting: Provided ¬occurs(‘y’, ‘R’),
(!x,y R∧Q : P) = (!x R : (!y Q : P))

(8.21) Axiom, Dummy renaming: Provided ¬occurs(‘y’, ‘R,P’),
(!x R : P) = (!y R[x := y] : P[x := y])

(8.22) Change of dummy: Provided ¬occurs(‘y’, ‘R,P’), and f has an inverse,
(!x R : P) = (!y R[x := f .y] : P[x := f .y])
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Re-prove (3.80) Mutual implication: (p ⇒ q)∧ (q ⇒ p) ≡ (p ≡ q)
Proof : Case analysis on p
Case 1. (true ⇒ q)∧ (q ⇒ true) ≡ (true ≡ q)
Case 2. ( f alse ⇒ q)∧ (q ⇒ f alse) ≡ ( f alse ≡ q)

Case 1 proof :
(true ⇒ q)∧ (q ⇒ true)

= 〈(3.73)〉
q∧ (q ⇒ true)

= 〈(3.72)〉
q∧ true

= 〈(3.39)〉
q

= 〈(3.3)〉
true ≡ q //

Case 2 proof :
( f alse ⇒ q)∧ (q ⇒ f alse)

= 〈(3.75)〉
true∧ (q ⇒ f alse)

= 〈(3.39)〉
q ⇒ f alse

= 〈(3.74)〉
¬q

= 〈(3.15)〉
f alse ≡ q //
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Additional theorems concerning implication.
(4.1) p ⇒ (q ⇒ p)
(4.2) Monotonicity of ∨ : (p ⇒ q)⇒ (p∨ r ⇒ q∨ r)
(4.3) Monotonicity of ∧ : (p ⇒ q)⇒ (p∧ r ⇒ q∧ r)

Proof technique metatheorems.
(4.4) Deduction (assume conjuncts of antecedent):

To prove P1 ∧P2 ⇒ Q, assume P1 and P2, and prove Q.
You cannot use textual substitution in P1 or P2.

(4.5) Case analysis: If Ez
true and Ez

f alse are theorems, then so is Ez
P.

(4.6) Case analysis: (p∨q∨ r)∧ (p ⇒ s)∧ (q ⇒ s)∧ (r ⇒ s)⇒ s
(4.7) Mutual implication: To prove P ≡ Q, prove P ⇒ Q and Q ⇒ P.
(4.7.1) Truth implication: To prove P, prove true ⇒ P.
(4.9) Proof by contradiction: To prove P, prove ¬P ⇒ f alse.
(4.9.1) Proof by contradiction: To prove P, prove ¬P ≡ f alse.
(4.12) Proof by contrapositive: To prove P ⇒ Q, prove ¬Q ⇒ ¬P.

General Laws of Quantification

For symmetric and associative binary operator ! with identity u.
(8.13) Axiom, Empty range: (!x f alse : P) = u
(8.14) Axiom, One-point rule: Provided ¬occurs(‘x’, ‘E’),

(!x x = E : P) = P[x := E]
(8.15) Axiom, Distributivity: Provided P,Q : B or R is finite,

(!x R : P)! (!x R : Q) = (!x R : P!Q)

(8.16) Axiom, Range split: Provided R∧S ≡ f alse and P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

(8.17) Axiom, Range split: Provided P : B or R and S are finite,
(!x R∨S : P)! (!x R∧S : P) = (!x R : P)! (!x S : P)

(8.18) Axiom, Range split for idempotent ! : Provided P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

(8.19) Axiom, Interchange of dummies: Provided ! is idempotent or R and Q are finite,
¬occurs(‘y’, ‘R’), ¬occurs(‘x’, ‘Q’),
(!x R : (!y Q : P)) = (!y Q : (!x R : P))

(8.20) Axiom, nesting: Provided ¬occurs(‘y’, ‘R’),
(!x,y R∧Q : P) = (!x R : (!y Q : P))

(8.21) Axiom, Dummy renaming: Provided ¬occurs(‘y’, ‘R,P’),
(!x R : P) = (!y R[x := y] : P[x := y])

(8.22) Change of dummy: Provided ¬occurs(‘y’, ‘R,P’), and f has an inverse,
(!x R : P) = (!y R[x := f .y] : P[x := f .y])
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(3.74) p ⇒ f alse ≡ ¬p
(3.74.1) ¬p ⇒ f alse ≡ p
(3.74.2) p ⇒ ¬p ≡ ¬p
(3.75) f alse ⇒ p ≡ true
(3.76) Weakening/strengthening:

(a) p ⇒ p∨q (Weakening the consequent)
(b) p∧q ⇒ p (Strengthening the antecedent)
(c) p∧q ⇒ p∨q (Weakening/strengthening)
(d) p∨ (q∧ r)⇒ p∨q
(e) p∧q ⇒ p∧ (q∨ r)

(3.76.1) p∧q ⇒ p∨ r (Weakening/strengthening)
(3.76.2) (p ⇒ q)⇒ ((q ⇒ r)⇒ (p ⇒ r))
(3.77) Modus ponens: p∧ (p ⇒ q)⇒ q
(3.77.1) Modus tollens: (p ⇒ q)∧¬q ⇒ ¬p
(3.78) (p ⇒ r)∧ (q ⇒ r) ≡ p∨q ⇒ r
(3.78.1) (p ⇒ r)∨ (q ⇒ r) ≡ p∧q ⇒ r
(3.79) (p ⇒ r)∧ (¬p ⇒ r) ≡ r
(3.80) Mutual implication: (p ⇒ q)∧ (q ⇒ p) ≡ (p ≡ q)
(3.81) Antisymmetry: (p ⇒ q)∧ (q ⇒ p)⇒ (p ≡ q)
(3.82) Transitivity:

(a) (p ⇒ q)∧ (q ⇒ r)⇒ (p ⇒ r)
(b) (p ≡ q)∧ (q ⇒ r)⇒ (p ⇒ r)
(c) (p ⇒ q)∧ (q ≡ r)⇒ (p ⇒ r)

(3.82.1) Transitivity of ≡ : (p ≡ q)∧ (q ≡ r)⇒ (p ≡ r)
(3.82.2) (p ≡ q)⇒ (p ⇒ q)

Leibniz as an axiom.
This section uses the following notation: Ez

X means E[z := X ].
(3.83) Axiom, Leibniz: e = f ⇒ Ez

e = Ez
f

(3.84) Substitution:
(a) (e = f )∧Ez

e ≡ (e = f )∧Ez
f

(b) (e = f )⇒ Ez
e ≡ (e = f )⇒ Ez

f

(c) q∧ (e = f )⇒ Ez
e ≡ q∧ (e = f )⇒ Ez

f

(3.85) Replace by true:
(a) p ⇒ Ez

p ≡ p ⇒ Ez
true

(b) q∧ p ⇒ Ez
p ≡ q∧ p ⇒ Ez

true

(3.86) Replace by f alse:
(a) Ez

p ⇒ p ≡ Ez
f alse ⇒ p

(b) Ez
p ⇒ p∨q ≡ Ez

f alse ⇒ p∨q
(3.87) Replace by true: p∧Ez

p ≡ p∧Ez
true

(3.88) Replace by f alse: p∨Ez
p ≡ p∨Ez

f alse
(3.89) Shannon: Ez

p ≡ (p∧Ez
true)∨ (¬p∧Ez

f alse)
(3.89.1) Ez

true ∧Ez
f alse ⇒ Ez

p 11

Prove (3.89.1) Ez
true ∧Ez

f alse ⇒ Ez
p

Proof : Deduction
Ez

p
= 〈(3.89 Shannon)〉

(p∧Ez
true)∨ (¬p∧Ez

f alse)

= 〈Assume conjunct Ez
true〉

(p∧ true)∨ (¬p∧Ez
f alse)

= 〈(3.39)〉
p∨ (¬p∧Ez

f alse)

= 〈Assume conjunct Ez
f alse〉

p∨ (¬p∧ true)
= 〈(3.39)〉

p∨¬p
= 〈(3.28) Excluded middle〉

true //
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Additional theorems concerning implication.
(4.1) p ⇒ (q ⇒ p)
(4.2) Monotonicity of ∨ : (p ⇒ q)⇒ (p∨ r ⇒ q∨ r)
(4.3) Monotonicity of ∧ : (p ⇒ q)⇒ (p∧ r ⇒ q∧ r)

Proof technique metatheorems.
(4.4) Deduction (assume conjuncts of antecedent):

To prove P1 ∧P2 ⇒ Q, assume P1 and P2, and prove Q.
You cannot use textual substitution in P1 or P2.

(4.5) Case analysis: If Ez
true and Ez

f alse are theorems, then so is Ez
P.

(4.6) Case analysis: (p∨q∨ r)∧ (p ⇒ s)∧ (q ⇒ s)∧ (r ⇒ s)⇒ s
(4.7) Mutual implication: To prove P ≡ Q, prove P ⇒ Q and Q ⇒ P.
(4.7.1) Truth implication: To prove P, prove true ⇒ P.
(4.9) Proof by contradiction: To prove P, prove ¬P ⇒ f alse.
(4.9.1) Proof by contradiction: To prove P, prove ¬P ≡ f alse.
(4.12) Proof by contrapositive: To prove P ⇒ Q, prove ¬Q ⇒ ¬P.

General Laws of Quantification

For symmetric and associative binary operator ! with identity u.
(8.13) Axiom, Empty range: (!x f alse : P) = u
(8.14) Axiom, One-point rule: Provided ¬occurs(‘x’, ‘E’),

(!x x = E : P) = P[x := E]
(8.15) Axiom, Distributivity: Provided P,Q : B or R is finite,

(!x R : P)! (!x R : Q) = (!x R : P!Q)

(8.16) Axiom, Range split: Provided R∧S ≡ f alse and P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

(8.17) Axiom, Range split: Provided P : B or R and S are finite,
(!x R∨S : P)! (!x R∧S : P) = (!x R : P)! (!x S : P)

(8.18) Axiom, Range split for idempotent ! : Provided P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

(8.19) Axiom, Interchange of dummies: Provided ! is idempotent or R and Q are finite,
¬occurs(‘y’, ‘R’), ¬occurs(‘x’, ‘Q’),
(!x R : (!y Q : P)) = (!y Q : (!x R : P))

(8.20) Axiom, nesting: Provided ¬occurs(‘y’, ‘R’),
(!x,y R∧Q : P) = (!x R : (!y Q : P))

(8.21) Axiom, Dummy renaming: Provided ¬occurs(‘y’, ‘R,P’),
(!x R : P) = (!y R[x := y] : P[x := y])

(8.22) Change of dummy: Provided ¬occurs(‘y’, ‘R,P’), and f has an inverse,
(!x R : P) = (!y R[x := f .y] : P[x := f .y])
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(3.74) p ⇒ f alse ≡ ¬p
(3.74.1) ¬p ⇒ f alse ≡ p
(3.74.2) p ⇒ ¬p ≡ ¬p
(3.75) f alse ⇒ p ≡ true
(3.76) Weakening/strengthening:

(a) p ⇒ p∨q (Weakening the consequent)
(b) p∧q ⇒ p (Strengthening the antecedent)
(c) p∧q ⇒ p∨q (Weakening/strengthening)
(d) p∨ (q∧ r)⇒ p∨q
(e) p∧q ⇒ p∧ (q∨ r)

(3.76.1) p∧q ⇒ p∨ r (Weakening/strengthening)
(3.76.2) (p ⇒ q)⇒ ((q ⇒ r)⇒ (p ⇒ r))
(3.77) Modus ponens: p∧ (p ⇒ q)⇒ q
(3.77.1) Modus tollens: (p ⇒ q)∧¬q ⇒ ¬p
(3.78) (p ⇒ r)∧ (q ⇒ r) ≡ p∨q ⇒ r
(3.78.1) (p ⇒ r)∨ (q ⇒ r) ≡ p∧q ⇒ r
(3.79) (p ⇒ r)∧ (¬p ⇒ r) ≡ r
(3.80) Mutual implication: (p ⇒ q)∧ (q ⇒ p) ≡ (p ≡ q)
(3.81) Antisymmetry: (p ⇒ q)∧ (q ⇒ p)⇒ (p ≡ q)
(3.82) Transitivity:

(a) (p ⇒ q)∧ (q ⇒ r)⇒ (p ⇒ r)
(b) (p ≡ q)∧ (q ⇒ r)⇒ (p ⇒ r)
(c) (p ⇒ q)∧ (q ≡ r)⇒ (p ⇒ r)

(3.82.1) Transitivity of ≡ : (p ≡ q)∧ (q ≡ r)⇒ (p ≡ r)
(3.82.2) (p ≡ q)⇒ (p ⇒ q)

Leibniz as an axiom.
This section uses the following notation: Ez

X means E[z := X ].
(3.83) Axiom, Leibniz: e = f ⇒ Ez

e = Ez
f

(3.84) Substitution:
(a) (e = f )∧Ez

e ≡ (e = f )∧Ez
f

(b) (e = f )⇒ Ez
e ≡ (e = f )⇒ Ez

f

(c) q∧ (e = f )⇒ Ez
e ≡ q∧ (e = f )⇒ Ez

f

(3.85) Replace by true:
(a) p ⇒ Ez

p ≡ p ⇒ Ez
true

(b) q∧ p ⇒ Ez
p ≡ q∧ p ⇒ Ez

true

(3.86) Replace by f alse:
(a) Ez

p ⇒ p ≡ Ez
f alse ⇒ p

(b) Ez
p ⇒ p∨q ≡ Ez

f alse ⇒ p∨q
(3.87) Replace by true: p∧Ez

p ≡ p∧Ez
true

(3.88) Replace by f alse: p∨Ez
p ≡ p∨Ez

f alse
(3.89) Shannon: Ez

p ≡ (p∧Ez
true)∨ (¬p∧Ez

f alse)
(3.89.1) Ez

true ∧Ez
f alse ⇒ Ez

p



A Logical Approach to Discrete Math

THEOREMS FROM LADM 5

Additional theorems concerning implication.
(4.1) p ⇒ (q ⇒ p)
(4.2) Monotonicity of ∨ : (p ⇒ q)⇒ (p∨ r ⇒ q∨ r)
(4.3) Monotonicity of ∧ : (p ⇒ q)⇒ (p∧ r ⇒ q∧ r)

Proof technique metatheorems.
(4.4) Deduction (assume conjuncts of antecedent):

To prove P1 ∧P2 ⇒ Q, assume P1 and P2, and prove Q.
You cannot use textual substitution in P1 or P2.

(4.5) Case analysis: If Ez
true and Ez

f alse are theorems, then so is Ez
P.

(4.6) Case analysis: (p∨q∨ r)∧ (p ⇒ s)∧ (q ⇒ s)∧ (r ⇒ s)⇒ s
(4.7) Mutual implication: To prove P ≡ Q, prove P ⇒ Q and Q ⇒ P.
(4.7.1) Truth implication: To prove P, prove true ⇒ P.
(4.9) Proof by contradiction: To prove P, prove ¬P ⇒ f alse.
(4.9.1) Proof by contradiction: To prove P, prove ¬P ≡ f alse.
(4.12) Proof by contrapositive: To prove P ⇒ Q, prove ¬Q ⇒ ¬P.

General Laws of Quantification

For symmetric and associative binary operator ! with identity u.
(8.13) Axiom, Empty range: (!x f alse : P) = u
(8.14) Axiom, One-point rule: Provided ¬occurs(‘x’, ‘E’),

(!x x = E : P) = P[x := E]
(8.15) Axiom, Distributivity: Provided P,Q : B or R is finite,

(!x R : P)! (!x R : Q) = (!x R : P!Q)

(8.16) Axiom, Range split: Provided R∧S ≡ f alse and P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

(8.17) Axiom, Range split: Provided P : B or R and S are finite,
(!x R∨S : P)! (!x R∧S : P) = (!x R : P)! (!x S : P)

(8.18) Axiom, Range split for idempotent ! : Provided P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

(8.19) Axiom, Interchange of dummies: Provided ! is idempotent or R and Q are finite,
¬occurs(‘y’, ‘R’), ¬occurs(‘x’, ‘Q’),
(!x R : (!y Q : P)) = (!y Q : (!x R : P))

(8.20) Axiom, nesting: Provided ¬occurs(‘y’, ‘R’),
(!x,y R∧Q : P) = (!x R : (!y Q : P))

(8.21) Axiom, Dummy renaming: Provided ¬occurs(‘y’, ‘R,P’),
(!x R : P) = (!y R[x := y] : P[x := y])

(8.22) Change of dummy: Provided ¬occurs(‘y’, ‘R,P’), and f has an inverse,
(!x R : P) = (!y R[x := f .y] : P[x := f .y])
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Prove (3.89.1) Ez
true ∧Ez

f alse ⇒ Ez
p

Proof : Deduction
Ez

p
= 〈(3.89 Shannon)〉

(p∧Ez
true)∨ (¬p∧Ez

f alse)

= 〈Assume conjunct Ez
true〉

(p∧ true)∨ (¬p∧Ez
f alse)

= 〈(3.39)〉
p∨ (¬p∧Ez

f alse)

= 〈Assume conjunct Ez
f alse〉

p∨ (¬p∧ true)
= 〈(3.39)〉

p∨¬p
= 〈(3.28) Excluded middle〉

true //

Re-prove (3.15) ¬p ≡ p ≡ f alse
Proof : Contradiction

¬(¬p ≡ p ≡ f alse)
= 〈(3.9)〉

¬¬p ≡ p ≡ f alse
= 〈(3.12)〉

p ≡ p ≡ f alse
= 〈(3.3)〉

true ≡ f alse
= 〈(3.3)〉

f alse //
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Additional theorems concerning implication.
(4.1) p ⇒ (q ⇒ p)
(4.2) Monotonicity of ∨ : (p ⇒ q)⇒ (p∨ r ⇒ q∨ r)
(4.3) Monotonicity of ∧ : (p ⇒ q)⇒ (p∧ r ⇒ q∧ r)

Proof technique metatheorems.
(4.4) Deduction (assume conjuncts of antecedent):

To prove P1 ∧P2 ⇒ Q, assume P1 and P2, and prove Q.
You cannot use textual substitution in P1 or P2.

(4.5) Case analysis: If Ez
true and Ez

f alse are theorems, then so is Ez
P.

(4.6) Case analysis: (p∨q∨ r)∧ (p ⇒ s)∧ (q ⇒ s)∧ (r ⇒ s)⇒ s
(4.7) Mutual implication: To prove P ≡ Q, prove P ⇒ Q and Q ⇒ P.
(4.7.1) Truth implication: To prove P, prove true ⇒ P.
(4.9) Proof by contradiction: To prove P, prove ¬P ⇒ f alse.
(4.9.1) Proof by contradiction: To prove P, prove ¬P ≡ f alse.
(4.12) Proof by contrapositive: To prove P ⇒ Q, prove ¬Q ⇒ ¬P.

General Laws of Quantification

For symmetric and associative binary operator ! with identity u.
(8.13) Axiom, Empty range: (!x f alse : P) = u
(8.14) Axiom, One-point rule: Provided ¬occurs(‘x’, ‘E’),

(!x x = E : P) = P[x := E]
(8.15) Axiom, Distributivity: Provided P,Q : B or R is finite,

(!x R : P)! (!x R : Q) = (!x R : P!Q)

(8.16) Axiom, Range split: Provided R∧S ≡ f alse and P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

(8.17) Axiom, Range split: Provided P : B or R and S are finite,
(!x R∨S : P)! (!x R∧S : P) = (!x R : P)! (!x S : P)

(8.18) Axiom, Range split for idempotent ! : Provided P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

(8.19) Axiom, Interchange of dummies: Provided ! is idempotent or R and Q are finite,
¬occurs(‘y’, ‘R’), ¬occurs(‘x’, ‘Q’),
(!x R : (!y Q : P)) = (!y Q : (!x R : P))

(8.20) Axiom, nesting: Provided ¬occurs(‘y’, ‘R’),
(!x,y R∧Q : P) = (!x R : (!y Q : P))

(8.21) Axiom, Dummy renaming: Provided ¬occurs(‘y’, ‘R,P’),
(!x R : P) = (!y R[x := y] : P[x := y])

(8.22) Change of dummy: Provided ¬occurs(‘y’, ‘R,P’), and f has an inverse,
(!x R : P) = (!y R[x := f .y] : P[x := f .y])
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(3.41) Distributivity of ∧ over ∧ : p∧ (q∧ r)≡ (p∧q)∧ (p∧ r)
(3.42) Contradiction: p∧¬p ≡ f alse
(3.43) Absorption:

(a) p∧ (p∨q)≡ p
(b) p∨ (p∧q)≡ p

(3.44) Absorption:
(a) p∧ (¬p∨q)≡ p∧q
(b) p∨ (¬p∧q)≡ p∨q

(3.45) Distributivity of ∨ over ∧ : p∨ (q∧ r)≡ (p∨q)∧ (p∨ r)
(3.46) Distributivity of ∧ over ∨ : p∧ (q∨ r)≡ (p∧q)∨ (p∧ r)
(3.46.1) Consensus: (p∧q)∨ (¬p∧ r)∨ (q∧ r)≡ (p∧q)∨ (¬p∧ r)
(3.47) De Morgan:

(a) ¬(p∧q)≡ ¬p∨¬q
(b) ¬(p∨q)≡ ¬p∧¬q

(3.48) p∧q ≡ p∧¬q ≡ ¬p
(3.49) p∧ (q ≡ r) ≡ p∧q ≡ p∧ r ≡ p
(3.50) p∧ (q ≡ p) ≡ p∧q
(3.51) Replacement: (p ≡ q)∧ (r ≡ p) ≡ (p ≡ q)∧ (r ≡ q)
(3.52) Equivalence: p ≡ q ≡ (p∧q)∨ (¬p∧¬q)
(3.53) Exclusive or: p $≡ q ≡ (¬p∧q)∨ (p∧¬q)
(3.55) (p∧q)∧ r ≡ p ≡ q ≡ r ≡ p∨q ≡ q∨ r ≡ r∨ p ≡ p∨q∨ r

Implication.
(3.57) Definition of Implication: p ⇒ q ≡ p∨q ≡ q
(3.58) Axiom, Consequence: p ⇐ q ≡ q ⇒ p
(3.59) Implication: p ⇒ q ≡ ¬p∨q
(3.60) Implication: p ⇒ q ≡ p∧q ≡ p
(3.61) Contrapositive: p ⇒ q ≡ ¬q ⇒ ¬p
(3.62) p ⇒ (q ≡ r) ≡ p∧q ≡ p∧ r
(3.63) Distributivity of⇒ over ≡ : p ⇒ (q ≡ r) ≡ (p ⇒ q) ≡ (p ⇒ r)
(3.63.1) Distributivity of⇒ over ∧ : p ⇒ q∧ r ≡ (p ⇒ q)∧ (p ⇒ r)
(3.63.2) Distributivity of⇒ over ∨ : p ⇒ q∨ r ≡ (p ⇒ q)∨ (p ⇒ r)
(3.64) p ⇒ (q ⇒ r) ≡ (p ⇒ q)⇒ (p ⇒ r)
(3.65) Shunting: p∧q ⇒ r ≡ p ⇒ (q ⇒ r)
(3.66) p∧ (p ⇒ q) ≡ p∧q
(3.67) p∧ (q ⇒ p) ≡ p
(3.68) p∨ (p ⇒ q) ≡ true
(3.69) p∨ (q ⇒ p) ≡ q ⇒ p
(3.70) p∨q ⇒ p∧q ≡ p ≡ q
(3.71) Reflexivity of⇒ : p ⇒ p
(3.72) Right zero of⇒ : p ⇒ true ≡ true
(3.73) Left identity of⇒ : true ⇒ p ≡ p



A Logical Approach to Discrete Math

THEOREMS FROM LADM 5

Additional theorems concerning implication.
(4.1) p ⇒ (q ⇒ p)
(4.2) Monotonicity of ∨ : (p ⇒ q)⇒ (p∨ r ⇒ q∨ r)
(4.3) Monotonicity of ∧ : (p ⇒ q)⇒ (p∧ r ⇒ q∧ r)

Proof technique metatheorems.
(4.4) Deduction (assume conjuncts of antecedent):

To prove P1 ∧P2 ⇒ Q, assume P1 and P2, and prove Q.
You cannot use textual substitution in P1 or P2.

(4.5) Case analysis: If Ez
true and Ez

f alse are theorems, then so is Ez
P.

(4.6) Case analysis: (p∨q∨ r)∧ (p ⇒ s)∧ (q ⇒ s)∧ (r ⇒ s)⇒ s
(4.7) Mutual implication: To prove P ≡ Q, prove P ⇒ Q and Q ⇒ P.
(4.7.1) Truth implication: To prove P, prove true ⇒ P.
(4.9) Proof by contradiction: To prove P, prove ¬P ⇒ f alse.
(4.9.1) Proof by contradiction: To prove P, prove ¬P ≡ f alse.
(4.12) Proof by contrapositive: To prove P ⇒ Q, prove ¬Q ⇒ ¬P.

General Laws of Quantification

For symmetric and associative binary operator ! with identity u.
(8.13) Axiom, Empty range: (!x f alse : P) = u
(8.14) Axiom, One-point rule: Provided ¬occurs(‘x’, ‘E’),

(!x x = E : P) = P[x := E]
(8.15) Axiom, Distributivity: Provided P,Q : B or R is finite,

(!x R : P)! (!x R : Q) = (!x R : P!Q)

(8.16) Axiom, Range split: Provided R∧S ≡ f alse and P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

(8.17) Axiom, Range split: Provided P : B or R and S are finite,
(!x R∨S : P)! (!x R∧S : P) = (!x R : P)! (!x S : P)

(8.18) Axiom, Range split for idempotent ! : Provided P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

(8.19) Axiom, Interchange of dummies: Provided ! is idempotent or R and Q are finite,
¬occurs(‘y’, ‘R’), ¬occurs(‘x’, ‘Q’),
(!x R : (!y Q : P)) = (!y Q : (!x R : P))

(8.20) Axiom, nesting: Provided ¬occurs(‘y’, ‘R’),
(!x,y R∧Q : P) = (!x R : (!y Q : P))

(8.21) Axiom, Dummy renaming: Provided ¬occurs(‘y’, ‘R,P’),
(!x R : P) = (!y R[x := y] : P[x := y])

(8.22) Change of dummy: Provided ¬occurs(‘y’, ‘R,P’), and f has an inverse,
(!x R : P) = (!y R[x := f .y] : P[x := f .y])
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Prove (3.89.1) Ez
true ∧Ez

f alse ⇒ Ez
p

Proof : Deduction
Ez

p
= 〈(3.89 Shannon)〉

(p∧Ez
true)∨ (¬p∧Ez

f alse)

= 〈Assume conjunct Ez
true〉

(p∧ true)∨ (¬p∧Ez
f alse)

= 〈(3.39)〉
p∨ (¬p∧Ez

f alse)

= 〈Assume conjunct Ez
f alse〉

p∨ (¬p∧ true)
= 〈(3.39)〉

p∨¬p
= 〈(3.28) Excluded middle〉

true //

Re-prove (3.15) ¬p ≡ p ≡ f alse
Proof : Contradiction

¬(¬p ≡ p ≡ f alse)
= 〈(3.9)〉

¬¬p ≡ p ≡ f alse
= 〈(3.12)〉

p ≡ p ≡ f alse
= 〈(3.3)〉

true ≡ f alse
= 〈(3.3)〉

f alse //

Re-prove (3.76b) p∧q ⇒ p
Proof : Contrapositive ¬p ⇒ ¬(p∧q)

¬(p∧q)
= 〈(3.47a) De Morgan〉

¬p∨¬q
⇐ 〈(3.76a)〉

¬p //


