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Exercises for Chapter 8

8.1 Given are functions a,b,c,d, and e with types as follows.
a:A+B
b:B+C
c:C+A
d:AxC-D
e:BxB+E

State whether each expression below is type correct. If not, explain why. Assume
u:4, u:8, r:C , g:D, and z:8.

(a) e(a.u,u)
(b) ö.r
(c) e(a(c.r),a.u)
(d) ø(c(b(a.s)))
(e) d(c.r,c.n)

8.2 Consider the expression eet where f is type set(Z), i.e. set of integers.
Give a reasonable type for function e and for function application e e f .

8.3 Expand the following textual substitutions. If necessary change the dummy,
according to Dummy Renaming (8.21).

(a) (*æ I O 1 r + r < n : r -l u)lu :: 3]
(b) (*z I 0 < u lr 1n : r -l u)lr :: 3l
(c) (*r I 0 < r * r < n : r -l u)ln :: nl nl
(d) (*r I 0 < z < r : (xy I 0 < A : r *A + n))ln :: r -l Al
(e) (*ø I 0 < r 1r : (*y I 0 < g : r tA +n))lr :: yl

8.4 Give a definition of Eln :: e] for all expressions .8, including quantifica-
tions. The definition should be in terms of the different kinds of expression .Ð,
just as the notions of free and bound were defined. Tleat expressions that are con-
stants, variables, parenthesized expressions, unary operations, binary operations,
function applications, and quantifications.

8.5 Prove the following theorems. Provided O 1n ,

(a) (Ðz I 0 < ¿ < n*t: åtil) : b[0] + (x¿ I t<i <n+t:blil)
(b) (td I 0 < ¿ < n : bli.l) : (t¿ I 0 < ? < n :blil) +blnl
(c) (Ðz I 0 < ¿ < n :bli,l) : blOl + (t¿ I 1 < i < n :blil)

8.6 Prove the following theorems. Provided O 1 n,
(a) (v1'to<i<nrr:bl¿l :o) =

öfOl :0 v (v¿ I 0 <¿ < n-|I :b[4 :0)
(d) (^ito<i,1n1_1:b[i] :o) =

öfol :o 
^ (^i I 0 < i < n-+'r :bl4 :o)

(v¿ l01i<n:blil:0) v blnl :o
(b) (^¿ I o<i< ntr:bl4 :o) =(^¿ l01i<n:blil:0) n b[n] :o
(c) (vz I o<i< n-rt:bl4 :o) =
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Abelian monoid

You can quantify an abelian monoid.
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Quantification examples Math 220, Formal Methods

For symmetric and associative binary operator ! with identity u.
(8.13) Axiom, Empty range: (!x f alse : P) = u

0 is the identity of +.
(+i 2 ≤ i < 5 : i2) = 22 +32 +42

(+i 2 ≤ i < 4 : i2) = 22 +32

(+i 2 ≤ i < 3 : i2) = 22

(+i 2 ≤ i < 2 : i2) = (+i f alse : i2) = 0

true is the identity of ∧.
Suppose b is an array of integers.
(∧i 2 ≤ i < 5 : b[i]< x) = b[2]< x ∧ b[3]< x∧ b[4]< x
(∧i 2 ≤ i < 4 : b[i]< x) = b[2]< x ∧ b[3]< x
(∧i 2 ≤ i < 3 : b[i]< x) = b[2]< x
(∧i 2 ≤ i < 2 : b[i]< x) = (+x f alse : b[i]< x) = true

(8.14) Axiom, One-point rule: Provided ¬occurs(‘x’, ‘E’),
(!x x = E : P) = P[x := E]

(+i i = 3 : i2) = i2 [i := 3] = 32

Suppose b is an array of integers.
(∨i i = 3 : b[i]< x) = (b[i]< x) [i := 3] = b[3]< x

(8.15) Axiom, Distributivity: Provided P,Q : B or R is finite,
(!x R : P)! (!x R : Q) = (!x R : P!Q)

(+i 1 ≤ i < 4 : 2i)+(+i 1 ≤ i < 4 : 5i2)
= 〈Expand quantifications〉

(2 ·1+2 ·2+2 ·3)+(5 ·12 +5 ·22 +5 ·32)

= 〈Symmetry and associativity of +〉
(2 ·1+5 ·12)+(2 ·2+5 ·22)+(2 ·3+5 ·32)

= 〈Quantify〉
(+i 1 ≤ i < 4 : 2i+5i2)
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(8.16) Axiom, Range split: Provided R∧S ≡ f alse and P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

R : 0 ≤ i < 3
S : 6 ≤ i < 9
R∨S : 0 ≤ i < 3 ∨ 6 ≤ i < 9
R∧S : f alse

(+i R∨S : i2)
= 〈Definition of R and S〉

(+i 0 ≤ i < 3 ∨ 6 ≤ i < 9 : i2)
= 〈Expand quantification〉

02 +12 +22 +62 +72 +82

= 〈Associativity of +〉
(02 +12 +22)+(62 +72 +82)

= 〈Quantify〉
(+i 0 ≤ i < 3 : i2)+(+i 6 ≤ i < 9 : i2)

= 〈Definition of R and S〉
(+i R : i2)+(+i S : i2)

(8.17) Axiom, Range split: Provided P : B or R and S are finite,
(!x R∨S : P)! (!x R∧S : P) = (!x R : P)! (!x S : P)

Now, R∧S is not required to be false.

R : 1 ≤ i < 5
S : 3 ≤ i < 7
R∨S : 1 ≤ i < 7
R∧S : 3 ≤ i < 5

(+i R∨S : i2)+(+i R∧S : i2)
= 〈Definition of R and S〉

(+i 1 ≤ i < 7 : i2)+(+i 3 ≤ i < 5 : i2)
= 〈Expand quantifications〉

(12 +22 +32 +42 +52 +62)+(32 +42)

= 〈Symmetry and associativity of +〉
(12 +22 +32 +42)+(32 +42 +52 +62)

= 〈Quantify〉
(+i 1 ≤ i < 5 : i2)+(+i 4 ≤ i < 5 : i2)

= 〈Definition of R and S〉
(+i R : i2)+(+i S : i2)
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(8.18) Axiom, Range split for idempotent ! : Provided P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

∧ is idempotent because p∧ p ≡ p.
Suppose b is an array of integers.
R : 0 ≤ i < 2
S : 1 ≤ i < 3
R∨S : 0 ≤ i < 3

(∧i R : x < b[i]) ∧ (∧i S : x < b[i])
= 〈Definition of R and S〉

(∧i 0 ≤ i < 2 : x < b[i]) ∧ (∧i 1 ≤ i < 3 : x < b[i])
= 〈Expand quantifications〉

x < b[0] ∧ x < b[1] ∧ x < b[1] ∧ x < b[2]
= 〈(3.38) p∧ p ≡ p〉

x < b[0] ∧ x < b[1] ∧ x < b[2]
= 〈Quantify〉

(∧i 0 ≤ i < 3 : x < b[i])
= 〈Definition of R and S〉

(∧i R∨S : x < b[i])

(8.19) Axiom, Interchange of dummies: Provided ! is idempotent or R and Q are finite,
¬occurs(‘y’, ‘R’), ¬occurs(‘x’, ‘Q’),
(!x R : (!y Q : P)) = (!y Q : (!x R : P))

R : 1 ≤ x < 4
Q : 8 ≤ y < 10
P : 6 · x · y
Note that ¬occurs(‘y’, ‘1 ≤ x < 4’) and ¬occurs(‘x’, ‘8 ≤ y < 10’)

(+x R : (+y Q : 6 · x · y))
= 〈Expand inner quantification〉

(+x R : 6 · x ·8+6 · x ·9)
= 〈Expand quantification〉

(6 ·1 ·8+6 ·1 ·9)+(6 ·2 ·8+6 ·2 ·9)+(6 ·3 ·8+6 ·3 ·9)
= 〈Symmetry and associativity of +〉

(6 ·1 ·8+6 ·2 ·8+6 ·3 ·8)+(6 ·1 ·9+6 ·2 ·9+6 ·3 ·9)
= 〈Quantify over x〉

(+x R : 6 · x ·8)+(+x R : 6 · x ·9)
= 〈Quantify over y〉

(+y Q : (+x R : 6 · x · y))

3
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Example
Suppose you have function: f (x) = x2

Using the dot notation: f .x = x2

y = x2

= 〈Solve for x〉
x =√y

So f−1(y) =√y

f ( f−1(y)) = f (√y) = (
√y)2 = y

f−1( f (x)) = f−1(x2) =
√

x2 = x

Definition of inverse function
y = f .x ≡ x = f−1.y
Or, switching x and y
x = f .y ≡ y = f−1.x

Prove (8.22) Change of dummy: Provided ¬occurs(‘y’, ‘R,P’), and f has an inverse,
(!x R : P) = (!y R[x := f .y] : P[x := f .y])

Proof :
(!y R[x := f .y] : P[x := f .y])

= 〈(8.14) One-point rule in body〉
(!y R[x := f .y] : (!x x = f .y : P))

= 〈(8.20) Nesting, because x cannot be in R[x := f .y]〉
(!x,y R[x := f .y] ∧ x = f .y : P)

= 〈(3.84a) Substitution〉
(!x,y R[x := x] ∧ x = f .y : P)

= 〈Property of textual substitution R[x := x] = R〉
(!x,y R ∧ x = f .y : P)

= 〈Definition of inverse, x = f .y ≡ y = f−1.x〉
(!x,y R ∧ y = f−1.x : P)

= 〈(8.20) Nesting, legal because ¬occurs(‘y’, ‘R’)〉
(!x R : (!y y = f−1.x : P))

= 〈(8.14) One-point rule〉
(!x R : P[y = f−1.x])

= 〈Textual substitution because ¬occurs(‘y’, ‘P’)〉
(!x R : P) //
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Additional theorems concerning implication.
(4.1) p ⇒ (q ⇒ p)
(4.2) Monotonicity of ∨ : (p ⇒ q)⇒ (p∨ r ⇒ q∨ r)
(4.3) Monotonicity of ∧ : (p ⇒ q)⇒ (p∧ r ⇒ q∧ r)

Proof technique metatheorems.
(4.4) Deduction (assume conjuncts of antecedent):

To prove P1 ∧P2 ⇒ Q, assume P1 and P2, and prove Q.
You cannot use textual substitution in P1 or P2.

(4.5) Case analysis: If Ez
true and Ez

f alse are theorems, then so is Ez
P.

(4.6) Case analysis: (p∨q∨ r)∧ (p ⇒ s)∧ (q ⇒ s)∧ (r ⇒ s)⇒ s
(4.7) Mutual implication: To prove P ≡ Q, prove P ⇒ Q and Q ⇒ P.
(4.7.1) Truth implication: To prove P, prove true ⇒ P.
(4.9) Proof by contradiction: To prove P, prove ¬P ⇒ f alse.
(4.9.1) Proof by contradiction: To prove P, prove ¬P ≡ f alse.
(4.12) Proof by contrapositive: To prove P ⇒ Q, prove ¬Q ⇒ ¬P.

General Laws of Quantification

For symmetric and associative binary operator ! with identity u.
(8.13) Axiom, Empty range: (!x f alse : P) = u
(8.14) Axiom, One-point rule: Provided ¬occurs(‘x’, ‘E’),

(!x x = E : P) = P[x := E]
(8.15) Axiom, Distributivity: Provided P,Q : B or R is finite,

(!x R : P)! (!x R : Q) = (!x R : P!Q)

(8.16) Axiom, Range split: Provided R∧S ≡ f alse and P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

(8.17) Axiom, Range split: Provided P : B or R and S are finite,
(!x R∨S : P)! (!x R∧S : P) = (!x R : P)! (!x S : P)

(8.18) Axiom, Range split for idempotent ! : Provided P : B or R and S are finite,
(!x R∨S : P) = (!x R : P)! (!x S : P)

(8.19) Axiom, Interchange of dummies: Provided ! is idempotent or R and Q are finite,
¬occurs(‘y’, ‘R’), ¬occurs(‘x’, ‘Q’),
(!x R : (!y Q : P)) = (!y Q : (!x R : P))

(8.20) Axiom, nesting: Provided ¬occurs(‘y’, ‘R’),
(!x,y R∧Q : P) = (!x R : (!y Q : P))

(8.21) Axiom, Dummy renaming: Provided ¬occurs(‘y’, ‘R,P’),
(!x R : P) = (!y R[x := y] : P[x := y])

(8.22) Change of dummy: Provided ¬occurs(‘y’, ‘R,P’), and f has an inverse,
(!x R : P) = (!y R[x := f .y] : P[x := f .y]) 14

(8.22) Example
Suppose you have quantification: (+i 2 ≤ i < 5 : i2) = 22 +32 +42

(+i 2 ≤ i < 5 : i2)
= 〈(8.22) with i = f . j = j+2〉

(+ j (2 ≤ i < 5)[i := j+2] : (i2)[i := j+2])
= 〈Textual substitution〉

(+ j 2 ≤ j+2 < 5 : ( j+2)2)

= 〈Math〉
(+ j 0 ≤ j < 3 : ( j+2)2)

Both the range and the body are different from the original.
However, the expansion is the same.
(+ j 0 ≤ j < 3 : ( j+2)2) = (0+2)2 +(1+2)2 +(2+2)2
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(8.23) Split off term: For n: N,
(a) (!i 0 ≤ i < n+1 : P) = (!i 0 ≤ i < n : P)!P[i := n]
(b) (!i 0 ≤ i < n+1 : P) = P[i := 0]! (!i 0 < i < n+1 : P)

Theorems of the Predicate Calculus

Universal quantification.
Notation: (!x : P) means (!x true : P).
(9.2) Axiom, Trading: (∀x R : P)≡ (∀x : R ⇒ P)
(9.3) Trading:

(a) (∀x R : P)≡ (∀x : ¬R∨P)
(b) (∀x R : P)≡ (∀x : R∧P ≡ R)
(c) (∀x R : P)≡ (∀x : R∨P ≡ P)

(9.4) Trading:
(a) (∀x Q∧R : P)≡ (∀x Q : R ⇒ P)
(b) (∀x Q∧R : P)≡ (∀x Q : ¬R∨P)
(c) (∀x Q∧R : P)≡ (∀x Q : R∧P ≡ R)
(d) (∀x Q∧R : P)≡ (∀x Q : R∨P ≡ P)

(9.4.1) Universal double trading: (∀x R : P)≡ (∀x ¬P : ¬R)
(9.5) Axiom, Distributivity of ∨ over ∀ : Provided ¬occurs(‘x’, ‘P’),

P∨ (∀x R : Q)≡ (∀x R : P∨Q)

(9.6) Provided ¬occurs(‘x’, ‘P’), (∀x R : P)≡ P∨ (∀x : ¬R)
(9.7) Distributivity of ∧ over ∀ : Provided ¬occurs(‘x’, ‘P’),

¬(∀x : ¬R)⇒ ((∀x R : P∧Q)≡ P∧ (∀x R : Q))

(9.8) (∀x R : true)≡ true
(9.9) (∀x R : P ≡ Q)⇒ ((∀x R : P)≡ (∀x R : Q))

(9.10) Range weakening/strengthening: (∀x Q∨R : P)⇒ (∀x Q : P)
(9.11) Body weakening/strengthening: (∀x R : P∧Q)⇒ (∀x R : P)
(9.12) Monotonicity of ∀ : (∀x R : Q ⇒ P)⇒ ((∀x R : Q)⇒ (∀x R : P))
(9.13) Instantiation: (∀x : P)⇒ P[x := E]
(9.16) Metatheorem: P is a theorem iff (∀x : P) is a theorem.

Existential quantification.
(9.17) Axiom, Generalized De Morgan: (∃x R : P)≡ ¬(∀x R : ¬P)
(9.18) Generalized De Morgan:

(a) ¬(∃x R : ¬P)≡ (∀x R : P)
(b) ¬(∃x R : P)≡ (∀x R : ¬P)
(c) (∃x R : ¬P)≡ ¬(∀x R : P)

(9.19) Trading: (∃x R : P)≡ (∃x : R∧P)
(9.20) Trading: (∃x Q∧R : P)≡ (∃x Q : R∧P)
(9.20.1) Existential double trading: (∃x R : P)≡ (∃x P : R)

13

Prove (8.23a) (!i 0 ≤ i < n+1 : P) = (!i 0 ≤ i < n : P)!P[i := n]
Proof

(!i 0 ≤ i < n+1 : P)
= 〈Math, 0 ≤ i < n+1 ≡ 0 ≤ i < n ∨ i = n〉

(!i 0 ≤ i < n ∨ i = n : P)
= 〈(8.16) Range split〉

(!i 0 ≤ i < n : P)! (!i i = n : P)
= 〈(8.14) One-point rule〉

(!i 0 ≤ i < n : P)!P[i := n] //
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Prove (8.23a) (!i 0 ≤ i < n+1 : P) = (!i 0 ≤ i < n : P)!P[i := n]
Proof

(!i 0 ≤ i < n+1 : P)
= 〈Math, 0 ≤ i < n+1 ≡ 0 ≤ i < n ∨ i = n〉

(!i 0 ≤ i < n ∨ i = n : P)
= 〈(8.16) Range split〉

(!i 0 ≤ i < n : P)! (!i i = n : P)
= 〈(8.14) One-point rule〉

(!i 0 ≤ i < n : P)!P[i := n] //

(8.23a) (!i 0 ≤ i < n+1 : P) = (!i 0 ≤ i < n : P)!P[i := n]

Examples
(Σi 0 ≤ i < n+1 : b[i])

= 〈(8.23a)〉
(Σi 0 ≤ i < n : b[i])+b[n]

(Σi 0 ≤ i < n : b[i])
= 〈(8.23a)〉

(Σi 0 ≤ i < n−1 : b[i])+b[n−1]

Examples
(∀i 0 ≤ i ≤ n+1 : b[i] = 0)

= 〈(8.23a)〉
(∀i 0 ≤ i ≤ n : b[i] = 0)∧b[n+1] = 0

(∀i 0 ≤ i ≤ n : b[i] = 0)
= 〈(8.23a)〉

(∀i 0 ≤ i < n : b[i] = 0)∧b[n] = 0

(8.23b) (!i 0 ≤ i < n+1 : P) = P[i := 0]! (!i 0 ≤ i < n+1 : P)

Examples
(Πi 0 ≤ i < n+1 : b[i])

= 〈(8.23b)〉
b[0] · (Πi 0 < i < n+1 : b[i])

(Πi 1 ≤ i < n+1 : b[i])
= 〈(8.23b)〉

b[1] · (Πi 1 < i < n+1 : b[i])

Examples
(∃i 0 < i < n : b[i] = 0)

= 〈(8.23b)〉
b[1] = 0∨ (∃i 1 < i < n : b[i] = 0)

(∃i 1 < i < n : b[i] = 0)
= 〈(8.23b)〉

b[2] = 0∨ (∃i 2 < i < n : b[i] = 0)
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Prove (8.23a) (!i 0 ≤ i < n+1 : P) = (!i 0 ≤ i < n : P)!P[i := n]
Proof

(!i 0 ≤ i < n+1 : P)
= 〈Math, 0 ≤ i < n+1 ≡ 0 ≤ i < n ∨ i = n〉

(!i 0 ≤ i < n ∨ i = n : P)
= 〈(8.16) Range split〉

(!i 0 ≤ i < n : P)! (!i i = n : P)
= 〈(8.14) One-point rule〉

(!i 0 ≤ i < n : P)!P[i := n] //

(8.23a) (!i 0 ≤ i < n+1 : P) = (!i 0 ≤ i < n : P)!P[i := n]

Examples
(Σi 0 ≤ i < n+1 : b[i])

= 〈(8.23a)〉
(Σi 0 ≤ i < n : b[i])+b[n]

(Σi 0 ≤ i < n : b[i])
= 〈(8.23a)〉

(Σi 0 ≤ i < n−1 : b[i])+b[n−1]

Examples
(∀i 0 ≤ i ≤ n+1 : b[i] = 0)

= 〈(8.23a)〉
(∀i 0 ≤ i ≤ n : b[i] = 0)∧b[n+1] = 0

(∀i 0 ≤ i ≤ n : b[i] = 0)
= 〈(8.23a)〉

(∀i 0 ≤ i < n : b[i] = 0)∧b[n] = 0

(8.23b) (!i 0 ≤ i < n+1 : P) = P[i := 0]! (!i 0 ≤ i < n+1 : P)

Examples
(Πi 0 ≤ i < n+1 : b[i])

= 〈(8.23b)〉
b[0] · (Πi 0 < i < n+1 : b[i])

(Πi 1 ≤ i < n+1 : b[i])
= 〈(8.23b)〉

b[1] · (Πi 1 < i < n+1 : b[i])

Examples
(∃i 0 < i < n : b[i] = 0)

= 〈(8.23b)〉
b[1] = 0∨ (∃i 1 < i < n : b[i] = 0)

(∃i 1 < i < n : b[i] = 0)
= 〈(8.23b)〉

b[2] = 0∨ (∃i 2 < i < n : b[i] = 0)
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