Quantification examples

Math 220, Formal Methods

For symmetric and associative binary operator x with identity u.
(8.13)  Axiom, Empty range: (xx| false:P)=u

0 is the identity of +.
(+il2<i<5:%)=224+32447
(+il2<i<4:i%)=2%4+32
(+il2<i<3:i%) =22
(+il2<i<2:i%) = (+il false:i?) =0

true is the identity of A.

Suppose b is an array of integers.

(Ni12<i<5:b[i] <x)=Db[2)]<x A b[3]<xA b4 <x

(N 12<i<4:blil<x)=Db[2]<x ADb[3]<x

(N 12<i<3:blil<x)=b2] <x

(N 12<i<2:bli] <x)=(+x]| false: b[i] < x) =true

(8.14)  Axiom, One-point rule: Provided —occurs(‘x’,‘E’),
(x| x=E:P)=Plx:=E]

(+ili=3:1%) = [i:=3] = 3?

Suppose b is an array of integers.
(Vili=3:b[i]<x) = (b[i] <x)[i:=3] = b[3] <x

(8.15)  Axiom, Distributivity: Provided P,Q : B or R is finite,
(*x |R:P)x(xx|R: Q)= (xx|R:P%xQ)

(+Hil1<i<4:2)+(+il1<i<4:57)
= (Expand quantifications)

(2:14+2:2+42-3)+(5-12+5-22+5.3%)
= (Symmetry and associativity of +)

(2:14+5-12)+(2:2+5-2%)+(2:3+5-3%)
= (Quantify)

(+il1<i<4:2i+5i2)
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(8.16)  Axiom, Range split: Provided RAS = false and P : B or R and § are finite,
(xx |RVS:P)=(xx|R:P)x(*x|S:P)

R:0<i<3
S:6<i<9
RVS: 0<i<3V6<i<9
RAS: false
(+i IRV S:i?%)
= (Definition of R and S)
(+il10<i<3V6<i<9:i?)
= (Expand quantification)
2124221624721 82
= (Associativity of +)
(0> +12422) + (6> + 7>+ 8%)
= (Quantify)
(+il0<i<3:2)+(+il6<i<9:i?)
= (Definition of R and S)
(il R: %)+ (+ilS: i)

(8.17)  Axiom, Range split: Provided P : B or R and S are finite,
(xx |RVS:P)x (x| RAS:P)=(*x|R:P)*(*x|S:P)

Now, R A S is not required to be false.
R:1<i<5
S:3<i<7
RVS: 1<i<7
RAS:3<i<5
(+i IRV S : i)+ (+i | RAS: %)
= (Definition of R and S)
(+il11<i<7:)+(+il3<i<5:)
= (Expand quantifications)
(12422 +32+4%+524+62) + (32 +42)
= (Symmetry and associativity of +)
(12422 +32+4%) + (32 + 42+ 52 +6%)
= (Quantify)
(Hil1<i<5:2)+(+il4<i<5:%)
= (Definition of R and S)
(FilR:?)+ (+ilS:i%)
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(8.18)  Axiom, Range split for idempotent x : Provided P : B or R and S are finite,
(xx |RVS:P)=(xx|R:P)x(*x|S:P)

A is idempotent because p A p = p.
Suppose b is an array of integers.
R:0<i<2
§S:1<i<3
RVS:0<i<3
(NiIR:x <b[i]) N (Nl S:x<bli])
= (Definition of R and S)
(N10<i<2:x<Db[i]) N (Nill1<i<3:x<Dbli])
= (Expand quantifications)
x<b[0] A x<D[l] A x<b[l] A x<D[2]
= (338) pAp=p)
x < b[0] A x<Db[l] N x<b[2]
= (Quantify)
(ANi10<i<3:x<bli])
= (Definition of R and S)
(NiI|RVS:x < bli])

(8.19)  Axiom, Interchange of dummies: Provided * is idempotent or R and Q are finite,
—occurs(‘y’,‘R’), moccurs(‘x’,°Q’),
(*x|R:(xy1Q:P))=(*y|1 Q:(*x|R:P))

R:1<x<4
0:8<y<10
P:6-x-y

Note that —occurs(‘y’,*1 <x < 4’) and —occurs(‘x’,‘8 <y < 10”)

(+x|IR: (+y1Q:6-x-y))

= (Expand inner quantification)
(+xIR:6-x-84+6-x-9)

= (Expand quantification)
(6-1-846-1-9)+(6-2-8+6-2-9)+(6-3-8+6-3-9)
= (Symmetry and associativity of +)
(6-1-846-2-846-3-8)+(6-1:946-2-9+6-3-9)
= (Quantify over x)
(+x|R:6-x-8)+(+x|R:6-x-9)

= (Quantify over y)

(4y10Q: (42| R:6-x-y))



